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Why searchfor treasure?If the decisionis to makesucha search,what kind of treasuremerits the
,

d
time andeffort? Oncethe type of treasurehasbeenchosen,how do you decidewhereto search?And
o you needto be an expert to Þnd treasure?IÕllanswerthis last questionimmediately: No, you need

e
t
not be an expert; in fact, if you becomeintrigued by what you readhere,you may be able to Þnd mor
reasurewithout masteringthe implied subtleties.

Here I tell a story of threesuchsearches,threeexpeditionsin searchof hiddentreasure. You can
g

a
view this narrativeas a notebook,one written by a researcherwho relies very heavily on a charmin
nd powerful computer program, namely, OTTER, designedand developedby Willia m McCune.

o
(Although I write aboutwhat I was able to Þnd with OTTER, similar treasurecan be found with some
ther automated reasoningprogram,but I think the programhadbestoffer a wide variety of strategies.)

-
t
You will learn why I madetheseexpeditions,what the natureof the treasureis, and wherethe expedi
ions took me. If all goesas implici tly planned,perhapsoneof you will continuethe search--especially

h
s
if you like puzzlesor games! Further, if my friend and colleagueRossOverbeekis right, a thoroug
tudy of how the journeys proceededwill eventually lead to signiÞcant insights, some focusing on

Þnding proofsthoughtto be out of reach.

If you like improvements in numbersas I do--battingaverages,track and Þeld results,swimming
-

i
times--youmight Þnd more than piquant the resultsobtainedand cited here. If you enjoy the conquer
ng of obstaclesand, even more, the methodsthat were used,here also you will Þnd excitement. To

-
p
encourageyou to seektreasureof the kind in focus here,I shall include a sampleinput Þle and a sam
le proof that canprovideyou with a startingpoint.

I

RaisondÕetre

n addition to hoping to motivate readersof this story to join in my searchfor treasure,I am writ-

m
ing this as a record of the eventsthat led to the mining of the treasure. As many know, sometimes

ore important than the actual treasureis the excitement of the hunt, and sometimesmore important is

m
the natureof the hunt. I suspectthat, for manywho will readthis, the naturewill in the long run prove

ore interestingandmorevaluable. Indeed,if my colleagueRossOverbeekhashis way, this notebook
f

c
(as well as othersI am writing) will shedmuch light on the propertiesof the unbelievably hugeset o
onclusionsthat can be drawn from the simplestof hypotheses.For example--although not everyoneÕs
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n
w
cup of tea,but take a sip anyway--thereare variousÞelds of logic and variousÞelds of mathematics i

hich a single formula, or equation,sufÞcesto study the whole. Even if the tea being serveddoesnot

g
offer you a Þne ßavor, you may still enjoy this narrative,especially if you like variouscomputerpro-
rams.

Indeed,BillÕsprogramOTTER playeda vital role in all threeexpeditionsto be featured. That pro-

ß
gramautomates logical reasoning,the drawingof conclusionsfrom given hypothesesin a mannerthat is
awless. With the assistanceof OTTER, you neednot understandthe Þne details regardingthe theory

.
I
underlyingthis story, for that programwill apply an appropriateinferencerule for drawingconclusions
nstead,as (for example)in car-racing, you drive the car with no requirementof masteringthe elements

m
of engineering. Put another way, you can win many poker tournamentswithout having studied

athematics to any extent. Therefore,I invite you to sharethe tactics and strategyI employedto reap
,

a
the rewards featured here. Even better, I invite you to extend what you Þnd in this article; yes
lthoughthe mine is deep,I do not believethe vein hasrun out.

s
s

One such mine is in the areaof logic known as equivalential calculus. This areaof logic admit
ingle axioms, single formulas from which (generally speaking) the entire set of theoremscan be

p
deduced. You can casuallythink of this areaof logic as concernedwith equivalence or equality. You
erhapshaveseenthe propertiesof reßexivity, symmetry,and transitivity, representedhereby the fol-

lowing, wherethe function e denotesequivalence andthe predicateP denotesprovability.

P(e(x,x)). % reßexivity
y

P
P(e(e(x,y),e(y,x))).% symmetr
(e(e(x,y),e(e(y,z),e(x,z)))). % transitivity

Sinceequivalential calculushasthe cited concern(of equivalence), the threeclausesjust given (which,

c
in that form, are called clauses)should, intuitively, provide a completeaxiomatization. Becausethese
lauses,takentogether,constitutean axiom system,a path to any of the more interestingtheoremsmust

t
(
exist startingwith the threeand applying an appropriateinferencerule, namely,condenseddetachmen
deÞnedalmostimmediately). In fact, suchis the case.

.Condenseddetachment is the following, where"-" is interpreted as logical not and" " as logical or

-P(e(x,y)) -P(x) P(y).

Perhapsunexpected, the Þrst of the threeclauses(axioms)--reßexivity--is deduciblefrom the other
-

b
two. In other words, the secondand third clauses(axioms) provide a completeaxiomatization, a 2
asis.

Someof you may be trying, at this very moment,to prove reßexivity dependenton symmetryand
n

I
transitivity; othersmay evendoubt that it is true. I wasunawareof this dependencedecadesagowhe

wrote a paperon logic. Robert(Bob) Veroff is the personwho told me aboutthe dependence. Now,

a
if you are working on the problemand do not wish to seea proof, you had bestpausehere. Indeed,I
m aboutto give a proof, a short proof, of the dependence. Whenand if you readthe proof, do not be

d
discouragedif you Þnd it far from transparent. I now give the proof, relying on the useof condensed
etachment (capturedby the useof an inferencerule called hyperresolutionand the appropriateclause),

that reßexivity is dependenton the pair, symmetryandtransitivity.

----- Otter 3.3g-work,Jan2005-----
,

T
The processwasstartedby wos on lemma.mcs.anl.gov

ue Jul 31 08:49:182007
The commandwas"otter". The processID is 1035.
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----> UNIT CONFLICT at 0.02sec----> 152 [binary,151.1,109.1]$ANSWER(reßex)

engthof proof is 2. Level of proof is 2.

9

---------------- PROOF----------------

0 [] -P(e(x,y)) -P(x) P(y).

9
93 [] P(e(e(x,y),e(y,x))).
4 [] P(e(e(x,y),e(e(y,z),e(x,z)))).

.
1
109 [] -P(e(a,a)) $ANSWER(reßex)
27 [hyper,90,93,94]P(e(e(e(x,y),e(z,y)),e(z,x))).

151 [hyper,90,127,93]P(e(x,x)).

As for a speciÞc and charmingexampleof a single axiom for EC (equivalential calculus),the fol-
lowing formula, known asXCB, providesyet anotherkey item for this story being told.

P(e(x,e(e(e(x,y),e(z,y)),z))). % XCB

The formula XCB is the last of its kind, sadto say. In particular, no other formula of this length will

a
ever be found that can serveas a single axiom for equivalential calculus. Its power, its statusof being

single axiom, was proved on April 13, 2002. That occurrenceconcludedan intensestudy by my
g

O
esteemed colleague D. (Ted) Ulrich and me. Without an automated reasoningprogram offerin

TTERÕsnumerousoptions--andfew programsoffer a comparableset of strategiesfor restricting and
l

b
directing the reasoning--thequestionof whetherXCB is a single axiom would, I strongly suspect,stil
e open. With the assistanceof that tirelessand ßawlessreasoningprogram,the Þnal and fourteenth

e
p
shortestsingle axiom for EC was found. (No axiom exists, for this areaof logic, that, ignoring th
redicatesymbol,relieson strictly fewer thanelevensymbols.)

d
s

The type of treasurerepresentedby the answeringof the XCB openquestionis hard to matchan
trikingly different from the treasurein focus here. In order to understandthe natureof the object of

o
the threeexpeditionsto be described,just a bit more is needed. Then it will be time for detailing each
f the threejourneysandthe treasurethat wasfound.

To prove that XCB is a single axiom for equivalential calculus,Ulrich and I chosea naturaltarget.

b
In particular, we choseto show that, from XCB, a proof could be completed that derivessomeknown
asis. So, as targets,we focusedon the cited 2-basisas well as on thirteen known shortestsingle

axioms,the following.

P(e(e(x,y),e(e(z,y),e(x,z)))). % P1 YQL
F

P
P(e(e(x,y),e(e(x,z),e(z,y)))). % P2 YQ
(e(e(x,y),e(e(z,x),e(y,z)))). % P3 YQJ

P
P(e(e(e(x,y),z),e(y,e(z,x)))). % P4 UM
(e(x,e(e(y,e(x,z)),e(z,y)))). % P5 XGF

P
P(e(e(x,e(y,z)),e(z,e(x,y)))). % P7 WN
(e(e(x,y),e(z,e(e(y,z),x)))). % P8 YRM

O
P
P(e(e(x,y),e(z,e(e(z,y),x)))). % P9 YR
(e(e(e(x,e(y,z)),z),e(y,x))). % PYO

M
P
P(e(e(e(x,e(y,z)),y),e(z,x))). % PY
(e(x,e(e(y,e(z,x)),e(z,y)))). % XGK

K
P
P(e(x,e(e(y,z),e(e(x,z),y)))). % XH
(e(x,e(e(y,z),e(e(z,x),y)))). % XHN

(For the scholar,I now in effect quotefrom a recente-mail from Ulrich. In brief, the namesusedhere



w
are due to JohnKalman, the last letter in eachnameof a formula is usedto specify the exactorder in

hich the sententialvariablesoccurring in the formula in questionoccur, while the earlier letter or
t

h
letters specify its bracket type or resonatorclass. Full details are given on UlrichÕsown web site a
ttp://web.ics.purdue.edu/÷dulrich/TRIAL-KalmanÕsNamesForThe11-symbolEQtheses.htm.) If OTTER,

t
startingwith XCB as the sole hypothesis,completed a proof whoselast line wasone of the given thir-
een, or completed a proof deriving both transitivity and symmetry, then Ulrich and I would have

c
shownXCB to be a singleaxiom for EC. As it turnedout, a numberof relevantproofswereeventually
ompleted.

The natural questionto ask concernsthe meansfor drawing conclusionsto be usedin a possible
e

r
proof, whetherby a personor by a computerprogram. As mentionedearlier, the means,the inferenc
ule, is the following, known ascondenseddetachment, where"-" is interpreted as logical not and" " as

logical or.

-P(e(x,y)) -P(x) P(y).

Although this rule can be applied by hand, fortunately you neednot add this skill to your collection.

a
Instead,you canrely on OTTER. In fact, you neednot graspthe subtletiesof this rule if andwhenyou
ttempt to extendthe resultsgiven in this story. You can hunt for treasureof the type offered hereby

applying the methodsto be discussed,or by inventingyour own.

By this time, your curiosity may have grown exponentially regardingthe nature of the treasure.

s
The treasuresought in each of the three expeditionsthat are central to this story consistsof various
hort proofs. (Short proofs were of interest throughoutthe decadesto suchas C. A. Meredith, A. N.

s
Prior, I. Thomas,and,discoveredrelatively recently,to Hilbert; indeed,still today, the interestin proof
horteningis of concernto various logicians and mathematicians.) Yes, a so-calledÞrst proof of some

.
B
thought-to-betrue statementis the usual goal in logic and in mathematics, as well as in other Þelds

ut, just as someseeka shorterpath to travel on the way home,and someseeka more efÞcient algo-
t

l
rithm for performingsometask, throughoutthe decadessomeresearchershavesoughtthe shortest(or a
easta short)proof. Clearly, the seekingof shorterandevershorterproofsfascinates me. That activity

-
e
hasdominatedmy researchin the pastfew years. Perhapsdisappointingto some,yet intriguing to oth
rs, no practical algorithm exists for Þnding shorterand ever shorterproofs. Also, evenwith the assis-

l
tanceof a programof OTTERÕstype, much adviceis crucial, adviceaboutwhereto look, wherenot to
ook, which deductionsare most appealing,and the like. And advice giving is more subtle than it

might appear.

For example--and perhapsfar from obvious--if you do not advise the program that a particular

e
deductionis most appealing,its complexity (measuredin symbol count) may preventthe programfrom
ver concentrating on it. On the other hand,if you advisethe programto concentrate on somespeciÞc

a
c
formula or equation,if and when it is deduced,that formula or equationmay lead the programinto
ul de sac. Suchan item might causethe programto completea proof of say30 steps,whereasavoid-

A

ing its considerationmight enablethe programto Þnd a 25-stepproof.

t this point, I invite you to sharemy excitement as I recountthreeexpeditions,eachdesignedto Þnd
s

m
(for me, and perhapsfor others)great treasure. If the treasuredoesnot dazzleyou, perhapsthe variou

ethodsand approacheswill. For the smallestof tastes,sometimesthe key wasto wait, andwait for a
long, long time--for far more than100 CPU-hourson a Linux workstation.

The First Expedition

Somebackgroundandstagesettingare in order. Otherwise,the picturewould be more than incom-

r
plete. Indeed,my intent (as you can guess)is to spur various individuals to conductresearch,extend
esearch,and,at least,delve into new andexciting areas.



t
e

In what ways did my experiences, alone or with anotherresearcher,prompt me to make the Þrs
xpedition? First, for years,as early as 1992, I have beenquite consumedby the seekingof shorter

t
e
proofs, especially thosein the publishedliterature. I suggestthat at least a few of you would Þnd i
xhilarating to Þnd and offer a proof of someresultwhoselength measuredin deducedsteps,is strictly

;
i
shorterthan the result papersand booksoffer. Justfor clarity, you are not allowed to leaveout steps
ndeed,you areaskedto supply the inferencerule or rules,andyour proof mustgive the history of each

f
m
deducedstep. This requirementis more typical of many areasof logic than it is of various areaso

athematics.

The secondforce that motivated me wasour success,that of Ulrich and me, in proving XCB to be
e

a
a single axiom for equivalential calculus. As noted earlier, we choseas targetsvarious known singl
xioms as well as the 2-basisconsistingof symmetryand transitivity. Our successincluded a number

E
of proofs of the desired type, although rather long ones when comparedto the results I give when

xpedition Three is the focus. Of course, far more important than shorteningthe proofs was the
r

a
demonstrationthat the formula XCB is an axiom, a shortestsingleaxiom. You might naturally wonde
bout someof the aspectsof that success.

Certainly a key factor was UlrichÕssuccesswith proving (on April 6, 2002) one of the Þfteen 7-

O
symbol theoremswith XCB as the sole hypothesis. An additional key factor was accessto McCuneÕs

TTER and,of course,its optionsfor typesof search(which will be brießy addressedat this time) and
n

a
for advice taking. At the simplest level, OTTER offers two types of search: that of level saturatio
nd that of complexity preference. Regardingthe former, an input clausehasby deÞnition level 0; a

f
i
(particular occurrenceof a) deducedclausehasa level one greaterthan the maximum of the levels o
ts parents. With level saturation,within the limits placedon the searchby variousvaluesassignedto

.
I
parameters, the programdeducesall clausesof level 1, then of level 2, then of level 3, and the like
ntuitively, childrenareÞrst produced,thengrandchildren,thengreatgrandchildren,andthe like.

,
t

The use of level saturationpresentsa formidable obstacle. SpeciÞcally, in the majority of cases
he levels grow in size very rapidly, which preventsthe programfrom exploring levels much greater

than,say,14.

In contrast,with complexity preference, the programdoesnot considerthe clausesin the order they
s

b
are retained. Rather,the choice for the next clauseon which to focus for inference-rule application i
asedon the programÕsnotion of simplest. If no guidanceis given, simpler is measuredstrictly in

r
r
terms of symbol count. However,as implied, the usercan include various items (weight templates o
esonators,for example) that override this measure,informing the program, for example, that some

clauseis to be treatedassimpleeventhoughit may rely on many,manysymbols.

UlrichÕssuccessof April 6 suggestedto me (becauseof my many, many experiments throughout

s
the years) that OTTER be addedto the team. Both a level saturationand a complexity preference
earch were initiated in separateruns. Each yielded useful proofs, proofs of more of the Þfteen 7-

r
symbol formulas. As expected, the level-saturation approachtook a great deal of time, four days in
eal time, but it did yield the key bit of information. (I almost terminated the level-saturation run after

b
two real daysbecausenothingwashappening;what an unfortunatechoicethat would haveturnedout to
e!) The move that openedthe door that hadbeenlocked for so manydecadeswasto rely on the proof

k
stepsof the variousproofs of the 7-symbol formulas. For the historian,Robert (Bob) Veroff playeda
ey role in that his superbhints strategywasemployed;indeed,the proof stepswere adjoinedas hints,

which I shall brießy explainnow.

Hints are not treatedas being true or false. Instead,hints are usedby OTTER, or by any other
t

t
automated reasoningprogramoffering that capability, to guide the programin its choiceof wherenex
o focus,amongother uses. Yes, hints are usedfor advicegiving, for example,to inform the program

athat a formula or equation,thoughappearingto be complex, is to be consideredsimple. To answer



questionthat would occur to one very familiar with automated reasoning,the hints strategy,whencom-
r

t
paredto the resonancestrategy,requiresfar lesstime to rely on in OTTER. Neither is a substitutefo
he other. Also included as hints were formulascorrespondingto a proof BrandenFitelsonhad found

s
n
of reßexivity, derivedfrom XCB. (Before the Fitelsonproof of reßexivity wasoffered,history require
oting that somehad thought they were on the way to proving XCB too weak to be a single axiom; I

certainly, at onetime, wassucha person.)

Everything went accordingto plan, or hope. The various7-symbol formulas, including symmetry,
,

a
were quickly proved,as well as reßexivity. OTTER completed a 61-steplevel-20 proof of symmetry
nd also completed a 71-steplevel-23 proof of transitivity. Yes, the 2-basiswas provedbeforeany of

c
the known singleaxiomswasdeduced,with a proof of length71 andlevel 23. In addition, the program
ompleted proofs of P1 YQL, P2 YQF, P3 YQJ, P4 UM, P5 XGF, P7 WN, P8 YRM, P9 YRO,

P

XGK, PYM, PYO, XHK, XHN, andWajsberg5.

(e(e(x,e(y,z)),e(e(y,e(u,z)),e(u,x)))).% Bryman P(e(e(x,e(y,z)),e(e(y,e(z,u)),e(u,x)))). % Lukasiewicz1
-

c
P(e(e(u,e(x,e(y,z))),e(e(x,y),e(z,u)))). % Lukasiewicz 2 P(e(e(x,e(y,z)),e(e(x,e(z,u)),e(u,y)))). % Sobo
inski 1 P(e(e(x,e(y,z)),e(e(x,e(u,z)),e(u,y)))). % Sobocinski2 P(e(e(e(x,e(y,z)),e(e(z,u),u)),e(x,y))). %

S

Wajsberg4 P(e(e(e(e(x,y),z),u),e(u,e(x,e(y,z))))). % Wajsberg5

o, in effect, additional targetswereoffered in the contextof proof shortening. (In the Epilogue,I sup-

y
ply, thanksto Ulrich, a bit of charminghistory concerningsingle axioms;thereI also offer a challenge
ou might Þnd intriguing.)

Ulrich was--andindeedstill is--a motivating force in theseexpeditionsof proof shortening. He is
,

w
indeedinterestedin proof shortening. His successesin proof shorteningbroughtme pleasure. He can

ith his knowledgeand his intuition and his own (interactive) program,seeplaceswherestepscan be

t
saved;I do not havethat ability. Ulrich wasas eageras I to Þnd a far shorterproof establishingXCB
o be a singleaxiom for EC.

If memoryserves,I believethat Ulrich preferredto focusmostly on the 2-basisasthe target. How-

p
ever,becauseof OTTERÕsnature,no needexistedfor focusingexclusivelyon the 2-basis. Indeed,this
rogram permits the researcherto seekin one run many proofs of many so-calledtargetsat the same

-
t
time, if that is the choice,as well as many proofsof a single target. Therefore,the goal was to simul
aneouslyseek shorter and ever shorterproofs of the 2-basis,as well as those for each of the other

m
known shortestsingle axioms, thirteen in number. Immediately you will seehow the ability to Þnd

any proofsof the sameresult in onerun comesinto play.

-
t

Oneof the featuresof OTTER is the choiceof whetherto usea procedurecalledancestorsubsump
ion. When this procedureis invoked (is set), the program,upon deducinga secondcopy of a conclu-

f
l
sion alreadyretained,will comparethe two proofs that deducethe conclusionin the context of proo
ength(numberof deducedsteps). With ancestorsubsumption,the shorterproof is the one that is kept

t
in focus. In other words, if the secondproof is strictly shorterthan the Þrst, then that proof is the one
hat is actively maintained. A natural conjectureassertsthat the useof this procedureis just what is

needed. Although intuitively reasonable,suchis not the case,asthe following shows.

First, imagine that the goal is to prove both symmetryand transitivity. Then imaginethat the pro-

d
gram Þnds an 18-stepproof of the Þrst and a 20-stepproof of the second. If the proofs havesixteen
educedstepsin common,then the length of the proof of the corresponding2-basisis 16+2+4= 22. If

f
a
the programcontinuedand found a 15-stepproof of symmetryanda 17-stepproof of transitivity, and i
ncestorsubsumptionwere in use,thesenew proofs would take preference. If this new pair of proofs

f
l
hadbut threestepsin common,thentakentogether,the programwould presenta proof of the 2-basiso
ength29, 3+12+14. Finally, if the secondpair of proofswasfound beforethe Þrst proof of transitivity

ewascompleted, the programwould haveno interestin a 20-stepproof of transitivity. Therefore,in th



given case,the 22-stepproof of the 2-basiswould neverbe offered. By the way, you can constructa
s

t
somewhatsimilar examplewhen the target is a single formula or equation. At the moment,I leavethi
askto you--if you enjoy challenges or puzzles.

Despitethe possibility of getting into trouble (of the type just illustrated) when using ancestorsub-
-

g
sumption,I usedit andusedit heavily in the pursuit of a muchshorterproof showingXCB to be a sin
le axiom. And the Þrst expeditionhadbegun,andbegunin earnest. But far morewould be neededif

a Þne prize wasto be won, a proof of length far lessthan71.

Ratherthan a detailed account,I highlight heresomeof the key proceduresthat led to Þnding the

a
sought-aftertreasure. That which requires the least explanation concernshint replacement. When
ncestorsubsumptionsucceeds,often the programreturnsa numberof proofsof the sametarget. They,

s
as earlier remarksjustify, are not always smaller in length and still smaller. However, if and when a
horter proof is found, you take its proof stepsand, in the next run, replacethe hints that wereusedby

-
b
hints correspondingto the stepsof the new and shorterproof. In a mannerof speaking,you are ena
ling the program to learn about better, more effective sets of hints. Use of the new set of hints,

Þ
smaller in numberthan thoseusedto (in effect) Þnd them, will typically lead to the programÕseither
nding the so-callednew proof again or, one hopes,Þnding a still shorterproof. Iteration is the key

move,usingsmallerandstill smallersetsof hints.

Next, when the combination of ancestorsubsumptionand hint replacement stoppedshowing pro-
-

t
gress,we turned to an odd useof demodulation. You might keep in mind that, ordinarily, demodula
ion is used for simpliÞcation and canonicalization. In the use now in focus, however, it is usedto

e
d
block the retention of one or more formulas that the user classiÞes as unwanted. Such clausesar
emodulated to junk, a constantusedto meanunwanted,and propagatedwith the appropriatedemodu-

,
i
lators to enableOTTER to purgethe clause. The following list gives the rudimentsof what is needed
n addition to including a demodulatorthat purgesupongenerationan unwantedclause.

(
list(demodulators).
e(x,junk) = junk).

.
(
(e(junk,x) = junk)
P(junk) = $T).

S

end of list.

ometimes someformula or equation,when presentin a proof, resultsin a proof longer thannecessary.

t
In an extremecase,the programcanÞnd a proof all of whosestepsareamongthoseof an earlier proof
hat is onesteplonger. What haschangedis the history, the parentageof a clause. To put it in general

c
terms,two parents(say in the animal world) can havemany children; in many logics, for example,one
hild can have many pairs of parents. With condenseddetachment, such is indeedthe case,which is

b
one reasonwhy demodulation blocking can work. Two choicesexist with this so-calleddemodulation
locking. You can more or less force the programto consideronly the clausesin the proof in hand.

p
Instead,you can give the programadditional latitude, allowing it to bring into play clausesnot in the
roof in hand. During this Þrst expedition,demodulation blocking wasoften used,in addition to ances-

tor subsumptionandhint replacement.

Next in focus in the pursuit of treasurein the form of yet shorterproofs is a more recentstrategy,

i
that of cramming. In contrastto the hints strategyor the resonancestrategy,in the crammingstrategy
temsare addedthat do havea truth value, namely, true. In order to set the stagefor its introduction,

t
somemotivation is merited. If you return to the exampleof longerandshorterproofs in the contextof
he 2-basis,you will againseethat the proof of suchbeneÞts from the two subproofs(of symmetryand

-
c
transitivity) sharingas manystepsin commonaspossible. In a way, whena formula or equationparti
ipatesin two proofs that are eachsubproofsof a total proof, that formula or equationis doing double

duty. If a formula or equationis a parentof threeor more later deducedsteps,you might saythat such



a formula is doing triple duty or more. So the task at hand was to devisea method,or strategy,that

p
forces various items to do double duty, triple duty, or more. Put anotherway, if you have in hand a
roof of, say, symmetryand wish to completea proof of transitivity that relies on many of the proof

stepsof symmetry,you might wonderhow to havethis happen.

The crammingstrategywas born. It works in the following way. You place the (deduced)proof
f

O
stepsof the proof of symmetry in the input as so-to-speakaddedaxioms or lemmas. In the caseo

TTER, you placethem in list(sos)so they will be able to initiate applications of the choseninference

n
rule or rules. You then instruct the programto focus on theseaddeditems before it focuseson any
ewly deducedand retainedconclusions. With OTTER, you include the commandset(input sos Þrst).

w
You can insteadchoosea level-saturation search,with the commandset(sosqueue). That command

ill, as discussedearlier, Þrst focus on all of the input clausesin list(sos) with the goal of deducing
level-1 clausesbeforededucinglevel-2 clauses.

To provide more insight (for the reader)into how crammingworks and what can happen,the pro-

a
gram might deduceand retain a conclusionC suchthat the proof relies on a numberof items that were
ddedto the input from an earlier proof of, say,B. If the programÞndsa second,quite different proof

t
p
of C, but of the samelength as the Þrst proof, thenevenwith the useof ancestorsubsumption,the Þrs
roof will be the one that staysin focus. In the casethat could occur to you, B is symmetryand C is

f
o
transitivity. If all goesas planned,the result is the crammingof proof stepsof symmetryinto a proo
f transitivity. By the way, I usecrammingheavily, both in the casein which the target is the join or

i
simultaneousconsiderationof two or more targetsand in the casein which a single formula or equation
s the target. Just for clarity, in the latter case,my goal is to force certain deducedstepsto be used

t
r
repeatedly, as often as possible,and thus avoid the needfor so-calledextra stepswhosepresencemigh
esult in the completion of a proof longer thandesired.

Of course,as you might have surmised,I also run different experiments, where the difference
s

a
resideswith variousvaluesassignedto max weight andothersuchparameters. Commonto the variou
pproachesis the intent to perturb the wanderingsthrough the hugesearchspaceof deducibleconclu-

h
sions. As you may know or will discoverwith experimentation, a large obstacleis presentedby the
ugenessof the spaceof conclusionsthat can be deduced. Even with a very fast computerand a very

-
t
fast program,you will Þnd it far more than advisableto rely on restrictionstrategiesanddirection stra
egies,rather than merely having the programwanderwhereverit happensto go. For but oneexample,

g
most pertinentto the expeditionsnarratedhere,almost for certain,all proofsshowingXCB to be a sin-
le axiom, terminating with the deductionof the cited 2-basisor with the deductionof a known single

t
o
axiom, require the presenceof at leastone formula relying on twelve distinct variables. In the contex
f symbol count, (including the predicatesymbol) max weight must be assigneda value of at least48

if a proof is to be found,andany exhaustivesearchwithin sucha constraintis doomed.

Now you know a fair amount about the mode of travel, about the so-calledequipmentthat was
t

t
used,aboutthe natureof the experiments. If you and I were readingthis story or notebookfor the Þrs
ime, you might sharethe impatience I would certainly be feeling. Indeed,preciselywhat treasurewas

t
found? Certainly, at leastsomeof you would prefer to try your own handat mining, rather than being
reated to a huge number of details regarding one experimentafter another. Further, in that I run

s
i
numerousexperiments simultaneously,I suspectI would havedifÞculty recoveringthe actualjourneya
t occurred.

If memoryserves,Ulrich wasmost interestedin seekinga proof completing with a deductionof the

O
two-elementbasis,that consistingof symmetryand transitivity. I still know of no way to capturewith

TTER the aforementionedskill that Ulrich has,of studyinga proof anddiscoveringhow a stepcanbe
-

i
saved. But I wasable to rely on the cited approaches.In a bit more than two weeksafter the astound
ng and most satisfyingsuccesswith proving XCB a single axiom, on May 1, 2002,OTTER presented

.a 25-stepproof of the 2-basis. However,history shouldnote that OTTER Þrst found a 26-stepproof



It was able to completethe cited 25-stepproof becauseUlrich showedme how to savea step. Espe-

l
cially for the curious,Ulrich then or soonafter set forth the goal of Þnding a proof of length strictly
essthan 20, a goal still out of reach. Nevertheless, he and I were both delightedwith the proof we

f
g
had. By the way, Ulrich and I eachconjectured that, to Þnd a proof of length lessthan25, formulaso
reatercomplexity than presentin our proof would probablybe needed. The 25-stepproof requiresthe

s
r
use of formulas of weight (complexity) 48 (measuredin symbol count), including predicate, formula
elying on twelve distinct variables. Further,the experiments suggestthat no proof showingXCB to be

l
a single axiom and completing with the deductionof a known axiom systemcan be found with strictly
esscomplexity.

By early July 2002, more treasurehad beenextracted. In particular, OTTER had presentedproofs

f
of lengthsbetween26 and30 of the other thirteenshortestsingleaxioms. In addition, the programhad
ound sevenother proofs of known single axioms, each axiom of length greaterthan eleven,whose

lengthsrangefrom 29 to 36.

If I recall correctly,Ulrich andI wereeachquite pleasedat the reductionin proof length,especially
e

w
in the contextof the 2-basis. Furtherexperiments yielded but a few small nuggets. Of course,assom

ho know me would assert,in the back of my mind was the intention of revisiting this areawhen and
y

a
if new and powerful strategieswere forthcoming. But I wasnot very optimistic; after all, many,man
dditional experiments hadprovedessentiallyunsuccessful.

I

The SecondExpedition

n mid-summer2004, Argonne hostedone of a seriesof workshopson automated reasoningand
-

t
deduction. Presentat that workshopwas Mark Stickel, a scholar indeed. At one of my talks, I men
ioned the goal of Þnding a proof of length strictly less than twenty-Þve, showingXCB to be a single

s
l
axiom. I did not expect anybody to seriously considerthe problem at that time. However, month
ater,on December24, 2004,I received an exciting e-mail from Mark--whata Christmaspresent!

d
d

Mark had accessto a program,of his own design,that thoroughly exploredthe useof condense
etachment, given an axiom system. As for the cited excitement, Mark sent six proofs that deduced,

t
from XCB, the 2-basisof interest,eachproof of length 24. Yes, he had found proofs of length less
han 25, a goal that had resistedmy substantialattempts. The Þrst threeproofswereof greaterinterest

h
in that the last threeof the six werevariationsof the Þrst three,differing in their history. Now, asmay
ave becomeclear at this point, the history is not my main concern;rather,the setof formulasthat are

h
deducedthat together(in effect) form a proof are the items on which I focus. What a treat: to havein
anda new andshorterproof to studyandexperimentwith!

d
i

I informed Ulrich of MarkÕsmost satisfying achievement, and, of course,he was pleasedan
nterested. What was MarkÕssecret? What insight did he have that had eludedme? Well, harking

r
f
back to monthsand monthsearlier (as remarkedearlier), Mark had permitted his programto conside
ormulasrelying on strictly more than 48 symbols. Indeed,in his Þrst proof andhis third proof, oneof

,
h
the formulasrelies on sixteendistinct variablesthat, if measuredin symbol count (including predicate)
as weight 64. Now what do you think I did with MarkÕsproof, and, of not quite as much interest,

which proof did I focuson?

The secondquestionis easierto answer,especially for thosewho know of my lack of patience--
r

Þ
somecall it haste. I chosethe Þrst proof I saw amongthe six, totally paying no attention to the othe
ve. As for the Þrst question,I (as one might predict) usedthe twenty-four formulasof MarkÕsproof

2
as hints (and no others,if memoryserves)and employedMcCuneÕsancestorsubsumption. In lessthen

CPU-minutes,still on December24, OTTER offered a newer and most pleasingproof, a proof of
t

a
length 23. I note immediately, for any personwho concludesthat Mark had missedsomething,tha
ncestorsubsumptionis quite powerful. Further, the deductionof the 2-basisrelied on two clauses,



k
eachof which is numberedin excessof 55,000(marking how manyclauseshadbeenretained,andwho
nowshow manyhadbeendeduced). Mark certainly did not missanything; instead,he meritssubstan-

tial compliments for his achievement.

I was,of course,presentedwith a problem. ShouldI notify Mark, which might in someway bring
d

i
him displeasure,or shouldI simply sit on the 23-stepproof, which I hadsentto Ulrich assoonasI ha
t? The decisionwasto sendthe 23-stepproof to Mark, who wasmostgracious.

h
s

Nobody (familiar with my attitude toward research)can doubt my zeal to Þnd a proof of lengt
trictly less than 23 (applications of condenseddetachment). After all, besidesthe greed I always

t
experience, Ulrich had told me of his goal to Þnd a proof of length strictly lessthan 20, not requiring
he 2-basisas the termination point. So I tried, and tried, and tried, but to no avail. Indeed,if I recall

J
correctly--as I sit here,IÕmtrying to talk aboutoccurrences of late 2004 and early 2005,and now it is
uly 2007--I renewedthis treasurehunt on andoff for manyweeks.

-
t

In early April 2005 (April 2, I am fairly certain), I Þnally turned to the useof the crammingstra
egy. SpeciÞcally, I addedin the spirit of axioms the Þrst sevenstepsof the 23-stepproof. To force

l
the programto useeachof the sevento initiate applications of condenseddetachment, I placedthem in
ist(sos)and addedthe commandlist(sos queue)to instruct OTTER to uselevel saturation. After run-

l
d
ning overnightand retainingmore than28,000new clauses,OTTER informed me that Þfteenadditiona
educedstepswould completea proof of the 2-basis. Yes, if takentogether,the Þrst sevenstepsof the

e
Þ
23-stepproof combinedwith the appropriately chosenÞfteen stepswould producea 22-stepproof, th
rst of its kind. Indeed,a run with those twenty-two hints immediately veriÞed the claim, and (for

-
s
Ulrich and for me) more Þne treasurehad beenfound. For the personenjoying piquantdetails,the 22
tep proof relies on sevenformulasnot presentin the 23-stepproof--soI claim, if my delving back into

history hasbeensuccessful.

As for the other thirteen single axioms, except for P9 and XHN, this secondexpedition found
4

d
shorterproofs than were found in the Þrst expedition. Especially satisfying was a proof of length 2
educingP7. Of the other seventargets,the single axiomsof length greaterthan 11, only that called

r
p
Wajsberg5 had its proof shortened. And, at this point, I might have thought the seekingof shorte
roofs of the kind in focus herewasat an end--except, knowing myself as I do, sucha searchis essen-

I
w
tially neverat an end. Indeed,whenand if a new strategyor idea shouldbe encountered, I knew that

ould againrevisit equivalential calculusin the contextof XCB. And I did.

T

The Third Expedition

his third expeditionwaspromptedby Overbeek,suggestingthat I offer variousnotebooksconcern-
,

s
ing aspectsof my past,present,and, perhapsmost important, possiblefuture research. I thought that
ince I wasgoing to attemptto recapturesomeof history, I shouldagainseekshorterproofsby relying

s
p
on something. It occurredto me that I shouldrevisit MarkÕse-mail of December2004, inspectinghi
roofs a bit closer than I had. The secondproof, after the smallestnumberof experiments, was dis-

-
a
cardedin the contextof seekingshorterproofs,mainly becauseit did not rely on enoughdistinct vari
bles, and I thought additional variable richnessmight be needed. However, the third proof appeared

n
w
promising,especially in that it relied on 16-variableformulasasthe Þrst does. And the third expeditio

asunderway.

Since the approachtaken in the secondexpedition had yielded new results, I decided(not pro-

t
foundly) to emulateit, taking his third (24-step)proof and seekinga shorterproof from it. I relied on
he twenty-four formulasfrom MarkÕsproof as hints, and I usedancestorsubsumption. In lessthan 90

-
s
CPU-seconds,OTTER returnedto me a 23-stepproof. This new proof differed from the preceding23
tep proof (that playedsucha key role) only in one importantrespect: Its Þfth step. In fact, exceptfor

lthe cited difference, all of the formulas occur in the sameorder in both proofs. Could such a smal



differenceever lead to any new discoveries?

Fortunately,with OTTER as an assistant,virtually no effort was requiredto Þnd out. As before,I

h
usedcramming,placing the Þrst sevenstepsof the new 23-stepproof in list(sos),and placing in the
ints list variousformulas from earlier proofs. As noted,the hints are included to give someguidance

r
to the programÕssearch. As in the earlier study with the earlier 23-stepproof, I instructedOTTER to
ely on level saturation,hoping that a new proof would be found, one of interest. After a long, long

d
s
run, nearly 11,000 CPU-seconds,and the retention of almost 26,000 new conclusions,OTTER foun
ixteenstepsthat, takentogetherwith the given seven,yieldeda proof of the 2-basis.

l
i

Rather than assumingno progresshad been made, I included the sixteen formulas as hints, stil
ncludedthe cited seven,as well as hints from an earlier set of proofs. The goal (hopemight be better

-
b
advised)was that the program would not merely presentthe already-in-hand 23-stepproof of the 2
asis. It did not; instead,it almost immediately offered a 22-stepproof, one that, with a bit of analysis

o
was slightly different from the 22-stepproof already found. In particular, the eighteenth step of the
lder 22-stepproof wasreplaced by a different formula; the former eighteenth steprelies on elevendis-

v
tinct variables,and the latter on eight. In other words, the newer22-stepproof hassmallersizeÑ1658
ersus1696Ña term (introducedto me by Ulrich) that measuresthe total numberof symbolspresentin

.
S
the deducedformulas. The new 22-stepproof containsÞve formulas not in the newer 23-stepproof
o, althoughnot a proof shorterin length,someprogresshadoccurred.

I
i

More was to be found in the correspondingoutput Þle; indeed, as is typical of my research,
nstructed the program to accrue as many proofs as it could by running for a long, long time.

.
M
SpeciÞcally, for quite a few of the other thirteen shortestsingle axioms, a shorterproof was found

ost exciting to me was the Þnding, amongthe new proofs, two of length 23, that for P2 YQF and
I

h
that for P7 WN, the Þrst proofsof that length terminating in the deductionof a known singleaxiom.
ad never before seenproofs this short that deducedfrom XCB anothershortestsingle axiom. Yes, I

still considerthe cited resultsa treasure.

The expeditionwasnearingits end. Of coursemanymoreexperiments occurredto me. Oneof the

h
obstaclesrestswith the huge numberof experiments that can be tried. I did not simply return to my
ome with the cited treasurein hand. I wishedto Þnd evenshorterproofs for all of the twenty targets,

.
W
the thirteenshortestsingle axioms(other than XCB) as well as the sevenof length greaterthan eleven

hat had I not tried? After all, continuedcrammingand modifying of the value of variousparameters
I

k
was yielding nothing of signiÞcance. And an idea occurredto me, one that I had not used(as far as
now) in any of the three expeditions. I could add to the approachthe use of the hot list strategy,

which I shall discussbrießy right now.

The hot list strategycameinto beingbecauseof onegeneralobservationI made,one that would be

t
evidentto anyonereadinga numberof proofs in mathematics and in logic. In particular, quite common
o a proof in either Þeld is frequent use (or return to) the key property or propertiesin focus. For

p
example,if the study concernsrings in which the cube of every elementx is x, and if the goal is to
rove that suchrings are commutative, a typical proof will rest on frequentuseof the addedproperty,

b
that concerningthe cubeof x. To havea programoffer this type of approach,the hot list strategywas
orn. To useit with, say,OTTER, you placein a new list, list(hot), the item or items you wish to take

,
a
center stage. To apply the strategy,the programmust then, upon the retentionof a new conclusion
pply the inferencerule or rules that are being usedto the newly retainedconclusiontogetherwith the

variouselements of the hot list.

In the caseof a study of XCB, you placein list(hot) a copy of the correspondingclauseas well as

a
a copy of the clause for condenseddetachment. You also include a command of the form
ssign(heat,1).Theseactionswill causethe programto visit XCB (with condenseddetachment) every

time a new conclusionis retained.



Clearly, my greatestobjective was to Þnd a proof of length 21 or less. Failing that, I was after

w
shorterproofsof someof the twenty targets. I canreportpartial success:Somenew andshorterproofs

ere found, which causedme to considerclosing this notebookand endingthe third Expedition. After
all, with few exceptions,at this point, the variousproofswereof lengthstrictly lessthanthirty.

Nevertheless, one Þnal experimentoccurredto me. The object was to removeat least one of the
I

p
exceptions--toÞnd a proof, for one of thoseannoying formulas, of length strictly less than thirty.
laced in the hints list only correspondentsof a 30-stepproof of Wajsberg4 and thoseof a 31-step

e
o
proof of Bryman. PerhapsOTTER would return to me oneof the desiredproofs,of length twenty-nin
r less. I was,as you would note, trying to build on earlier successeswith proof shortening. Research

o
o
sometimesworks that way: You make one or more discoveries,and then you use those results t
btain even more. To my satisfaction,progressdid occur. To my amazement, progresswas made

b
regardingvarious axioms, namely, P1 YQL, P9 YRO, Bryman, one of the Lukasiewicz axioms, and
oth Wajsbergaxioms. Why the use of the cited hints had such a profound effect--especially after I

t
had conductedsucha large numberof experiments--is beyondmy currentunderstanding.If you wish
o tackle a substantialchallenge, you might try to provide a good explanation, or at leasta more-than-

plausibleconjecture.

Perhapsone of you who readsthis will Þnd evenshorterproofs. If you areconsideringan attempt,

y
I now offer you a possibly useful table. Also, becausethis writing is mostly like a notebook,I offer
ou a brief treatment of yet onemoreexperiment, oneof a naturedifferent from thosediscussedearlier,

andonethat canbe thoughtof asan interjection or a P.S.

I had believed that the notebookwas as completeas it was going to be. It evinced,before the
e

d
experimentI now discuss,one small drawback,namely, all proofs but one that completed with th
eductionof a shortestsingleaxiom had lengthsbetween23 and26. The formula XGK wasthe excep-

,
i
tion; indeed,after numeroustries, I hadnot beenable to Þnd a proof of lengthstrictly lessthan27. So
t seemed,I would haveto live with the exception. Then it occurredto me that the blocking of formu-

-
m
las with demodulation (demodulating the unwantedto junk) also blockedinstancesof an unwantedfor

ula, but an alternative existed. In particular, by including an item of the following type, the program
l

(
will, insteadof blocking instances,block similar formulas, those differing only at the variable leve
treatingall variablesas indistinguishable).

.

W

weight(P(e(e(e(e(e(x,y),e(z,y)),z),u),e(x,u))),100)

ith this inclusion anda max weight assigneda valuestrictly lessthan100,whenandif the given for-

o
mula or onesimilar to it is deduced,it will be discarded. I chosethat formula becauseit wasusedonly
nce as a parentin a 27-step,level-19 proof of XGK. Yes, more treasure: In lessthan1 CPU-second,

t
OTTER returneda 26-step,level-22proof, andthe table I now give wasto me morepleasing,all proofs
erminating in the deductionof a shortestsingleaxiom havelengthsbetween23 and26.

I

Tableof Proof Lengths

n the following table, you will Þnd the treasuresfound in the respectiveexpeditions. The results

f
are listed in the following order: thosefrom the third Expedition, from the second,from the Þrst, and
rom the original run that Þrst provedXCB to be a single axiom. The table designateswhich expedi-

d
tion is in focus and which target is in focus, the 2-basisfollowed by known single axioms. If you
ecideto studyany of the individual targetswith XCB asthe solehypothesis,you will havein handthe

bestI wasable to Þnd asof mid-2007.

#3 2-basis22, 724 sizenot countingpredparenscommas;

#
#2 22, size744; #1 22; #0 71;
3 P1 24; #2 26; #1 28; #0 76



;
#
#3 P2 23; #2 25; #1 26; #0 78
3 P3 26; #2 27; #1 29; #0 77;

;
#
#3 P4 26; #2 27; #1 29; #0 75
3 P5 25; #2 27; #1 29; #0 77;

;
#
#3 P7 23; #2 24; #1 26; #0 76
3 P8 24; #2 26; #1 27; #0 77;

;
#
#3 P9 26; #2 29; #1 29; #0 75
3 PYM 25; #2 26; #1 29; #0 77;

#
#3 PYO 25; #2 27; #1 28; #0 87;
3 XGK 26; #2 27; #1 30; #0 81;

;
#
#3 XHK 26; #2 26; #1 29; #0 77
3 XHN 26; #2 29; #1 29; #0 77;

#
#3 Bry 30; #2 34; #1 34;
3 Luka1 27; #2 33; #1 33;

;
#
#3 Luka2 28; #2 36; #1 36
3 Sobo128; #2 29; #1 29;

;
#
#3 Sobo226; #2 28; #1 28
3 Wajs429; #2 36; #1 36;

;#3 Wajs527; #2 31; #1 35; #0 79

Epilogue

I intend that this be but one of a seriesof notebooksor articles on the automation of reasoning.

w
Although eachis clearly not polished,neverthelessa readingof oneor moreof themmight provideyou

ith someexcitement. Further,perhapsyou will Þnd a thesistopic in one of thesenotebooksor the
basisfor researchthat leadsto a publication.

At this point, aspromised,I focuson somehistory providedto me by Ulrich, and, in that context,I

t
offer you a challenge. The very Þrst SINGLE axiomsfor EC ever found are of length 15 and are due
o Wajsberg. Six additional single axioms of length 15 were discoverednext, one by Bryson, two by

h
1
Lukasiewicz, and threeby Sobocinski. The SHORTESTPOSSIBLEsingleaxiomsfor EC areof lengt
1. The Þrst three suchaxiomswere found by Lukasiewicz(YQL, YQF, and YQJ), the next 7 by C.

n
A. Meredith (UM, XGF, WN, YRM, YRO, PYO, andPYM), the eleventhby Kalman/Meredith (XGK);
ote that Kalman himself regardsit as the merecorrectionof a typographicalerror of an eighth one of

b
MeredithÕs.The twelfth and thirteenth were found by S. Winker (XHK and XHN), and the fourteenth
y us (XCB). Ulrich includeda third axiom by Sobocinski,one that I had neverstudied,which I offer

f
t
to you in two contexts. You can take it and try to derive someknown basis,and,more in the spirit o
his notebook,you cantry to Þnd a shortproof showingthat XCB implies it, the following.

P(e(e(x,e(y,z)),e(e(x,e(z,u)),e(y,u)))). % Sobocinski3

The notion of automating logical reasoningis in one obvioussensepreposterous,if the goal is to
,

v
provide aid for seriousand dedicated scientists. However,that is exactly what hashappened. Indeed
arious open questionsin mathematics and logic have beenanswered,somethat were open for many

e
f
decades.My goal is not only to causemoreactivity in science. In fact, if oneof you becomesin som
orm addicted,you will sharein the delight that I more than occasionally experience. I Þnd it more

s
w
than stimulating when OTTER, at my direction and restriction, completes a proof that is in variou

ays better than the literature offers. If you improve on one of the results cited here, or certainly
u

c
better,on someresult that hasbeenpublished,I am quite sureyou will experience exhilaration. If yo
an Þnd a copy, and if you haveenjoyedsomeof what you havereadhere,you might enjoy a book I

T
wrote some years ago, The Automation of Reasoning:An ExperimenterÕsNotebook with OTTER

utorial, L. Wos,AcademicPress,New York, 1996.



.I promisedto includean input Þle to showyou how you might begin. Here it is

Input File

a
set(hyperres).
ssign(maxmem,680000).

.
%
% assign(maxseconds,10)

set(sosqueue).
.

a
assign(maxweight,72)
ssign(changelimi t after,1100).

a
assign(newmax weight,10).
ssign(maxproofs,-1).

.
a
assign(pickgiven ratio,4)
ssign(bsubhint wt,1).

.
s
clear(keep hint subsumers)
et(keephint equivalents).

s
set(ancestorsubsume).
et(back sub).

.
%
set(orderhistory)

set(processinput).

l

clear(print kept).

ist(usable).
-P(e(x,y)) -P(x) P(y).
-P(e(e(a,b),e(b,a)))-P(e(e(a,b),e(e(b,c),e(a,c)))) $ANSWER(all s t indep).

l

end of list.

ist(sos).
P(e(x,e(e(e(x,y),e(z,y)),z))). % XCB

l

end of list.

ist(demodulators).
% (P(e(e(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),u),v),e(u,v)),e(e(e(w,v6),e(v7,v6)),v7)),w))= junk).

%
% (e(e(x,x),y)= junk).

(e(y,e(x,x))= junk).

(
(e(x,junk) = junk).
e(junk,x) = junk).

e
(P(junk) = $T).
nd of list.

.
%
list(passive)

Following areaxiomsfor EC andother targets.
.

-
-P(e(e(a,b),e(e(c,b),e(a,c)))) $ANSWER(P1YQL)
P(e(e(a,b),e(e(a,c),e(c,b)))) $ANSWER(P2YQF).

-
-P(e(e(a,b),e(e(c,a),e(b,c)))) $ANSWER(P3YQJ).
P(e(e(e(a,b),c),e(b,e(c,a)))) $ANSWER(P4UM).

.
-
-P(e(a,e(e(b,e(a,c)),e(c,b)))) $ANSWER(P5XGF)
P(e(e(a,e(b,c)),e(c,e(a,b)))) $ANSWER(P7WN).

.
-
-P(e(e(a,b),e(c,e(e(b,c),a)))) $ANSWER(P8YRM)
P(e(e(a,b),e(c,e(e(c,b),a)))) $ANSWER(P9YRO).

-
-P(e(e(e(a,e(b,c)),c),e(b,a))) $ANSWER(PYO).
P(e(e(e(a,e(b,c)),b),e(c,a))) $ANSWER(PYM).

.-P(e(a,e(e(b,e(c,a)),e(c,b)))) $ANSWER(XGK)



-P(e(a,e(e(b,c),e(e(a,c),b)))) $ANSWER(XHK).
.

-
-P(e(a,e(e(b,c),e(e(c,a),b)))) $ANSWER(XHN)
P(e(a,a)) $ANSWER(reßex).

.
-
-P(e(e(a,b),e(b,a)))$ANSWER(symm)
P(e(e(a,b),e(e(b,c),e(a,c)))) $ANSWER(trans).

.
-
-P(e(e(e(c1,e(c2,c3)),e(e(c3,c4),c4)),e(c1,c2)))$ANSWER(Wajsberg4 sing)
P(e(e(e(e(c1,c2),c3),c4),e(c4,e(c1,e(c2,c3))))) $ANSWER(Wajsberg5 sing).

-
-P(e(e(c1,e(c2,c3)),e(e(c2,e(c4,c3)),e(c4,c1))))$ANSWER(Brymansing).
P(e(e(c1,e(c2,c3)),e(e(c2,e(c3,c4)),e(c4,c1))))$ANSWER(Luka 1 sing).

.
-
-P(e(e(c4,e(c1,e(c2,c3))),e(e(c1,c2),e(c3,c4))))$ANSWER(Luka 2 sing)
P(e(e(c1,e(c2,c3)),e(e(c1,e(c3,c4)),e(c4,c2))))$ANSWER(Sobo1 sing).

.
e
-P(e(e(c1,e(c2,c3)),e(e(c1,e(c4,c3)),e(c4,c2))))$ANSWER(Sobo2 sing)
nd of list.

%
list(hints).

Following Þrst 7 of a new 23-stepproof of the 2-basis,from XCB, 07-05-07,a proof whoseÞfth
,

r
step is different from the Þfth of the much earlier 23; the new 23 found by using StickelÕs3rd proof
atherthanhis Þrst.
P(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),u),e(v,u)),v)).

.
P
P(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),u),v),e(u,v)))
(e(e(e(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),u),v),e(u,v)),w),e(v6,w)),v6)).

P
P(e(x,e(e(e(e(e(y,e(e(e(y,z),e(u,z)),u)),x),v),e(w,v)),w))).
(e(x,e(e(e(e(e(y,e(e(e(y,z),e(u,z)),u)),e(e(v,e(e(e(v,w),e(v6,w)),v6)),x)),v7),e(v8,v7)),v8))).

.
P
P(e(x,e(e(e(e(e(y,e(e(e(y,z),e(u,z)),u)),e(e(v,e(e(e(v,w),e(v6,w)),v6)),e(e(v7,e(e(e(v7,v8),e(v9,v8)),v9)),x))),v10),e(v11,v10)),v11)))
(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),e(e(u,e(e(e(u,v),e(w,v)),w)),e(e(v6,e(e(e(v6,v7),e(v8,v7)),v8)),e(e(e(e(e(v9,e(e(e(v9,v10),e(v11,v10)),v11)),v1

P
% Following 15 from crammingon preceding7, in temp.xcb.new.out1f.
(e(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),e(u,e(e(e(u,v),e(w,v)),w))),v6),e(v7,v6)),v7)).

P(e(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),e(u,e(e(e(e(e(v,e(e(e(v,w),e(v6,w)),v6)),e(e(v7,e(e(e(v7,v8),e(v9,v8)),v9)),u)),v10),e(v11,v10)),v11))),v12),

P
P(e(e(x,e(e(y,e(e(e(y,z),e(u,z)),u)),x)),e(v,e(e(e(v,w),e(v6,w)),v6)))).
(e(e(x,e(e(y,e(e(e(e(e(z,e(e(e(z,u),e(v,u)),v)),e(e(w,e(e(e(w,v6),e(v7,v6)),v7)),y)),v8),e(v9,v8)),v9)),x)),e(v10,e(e(e(v10,v11),e(v12,v11)),v12

P
P(e(e(e(e(e(x,e(e(y,e(e(e(y,z),e(u,z)),u)),x)),e(v,e(e(e(v,w),e(v6,w)),v6))),v7),e(v8,v7)),v8)).
(e(e(e(x,e(y,e(e(e(y,z),e(u,z)),u))),v),e(x,v))).

P
P(e(e(e(x,y),x),y)).
(e(e(e(x,e(e(e(x,y),e(z,y)),z)),e(e(e(u,v),e(w,v)),w)),u)).

P
P(e(e(e(e(x,y),e(z,y)),z),x)).
(e(e(e(e(e(e(e(x,y),e(z,y)),z),x),u),e(v,u)),v)).

.
P
P(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),e(e(e(e(e(u,v),e(w,v)),w),u),v6)),v7),e(v6,v7)))
(e(e(x,y),e(e(y,z),e(x,z)))).

.
P
P(e(e(x,y),e(e(e(z,x),z),y)))
(e(e(e(e(e(x,y),x),z),u),e(e(y,z),u))).

e
P(e(e(x,y),e(y,x))).
nd of list.

I also promisedto include a proof; I have chosenthe latest proof, and smallestin size, of the 2-
basis.

A Fine Proof

-
T
----- Otter 3.3g-work,Jan2005----

he processwasstartedby wos on lemma.mcs.anl.gov,

T
Mon Jul 23 10:12:002007

he commandwas"otter". The processID is 27347.



.

L

-----> EMPTY CLAUSE at 0.06sec----> 423 [hyper,2,403,274]$ANSWER(all s t indep)

engthof proof is 22. Level of proof is 17.

1

---------------- PROOF----------------

[] -P(e(x,y)) -P(x) P(y).
2 [] -P(e(e(a,b),e(b,a))) -P(e(e(a,b),e(e(b,c),e(a,c)))) $ANSWER(all s t indep).

5
3 [] P(e(x,e(e(e(x,y),e(z,y)),z))).
2 [hyper,1,3,3]P(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),u),e(v,u)),v)).

.
5
54 [hyper,1,52,3]P(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),u),v),e(u,v)))
6 [hyper,1,3,54]P(e(e(e(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),u),v),e(u,v)),w),e(v6,w)),v6)).

6
58 [hyper,1,54,3]P(e(x,e(e(e(e(e(y,e(e(e(y,z),e(u,z)),u)),x),v),e(w,v)),w))).
4 [hyper,1,54,58]

P(e(x,e(e(e(e(e(y,e(e(e(y,z),e(u,z)),u)),e(e(v,e(e(e(v,w),e(v6,w)),v6)),x)),v7),e(v8,v7)),v8))).
70 [hyper,1,58,3]P(e(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),e(u,e(e(e(u,v),e(w,v)),w))),v6),e(v7,v6)),v7)).

]
P
77 [hyper,1,58,64
(e(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),e(u,e(e(e(e(e(v,e(e(e(v,w),e(v6,w)),v6)),e(e(v7,e(e(e(v7,v8),e(v9,v8)),v9)),u)),v10),e(v11,v10)),v11))),v12),e

P
79 [hyper,1,54,64]
(e(x,e(e(e(e(e(y,e(e(e(y,z),e(u,z)),u)),e(e(v,e(e(e(v,w),e(v6,w)),v6)),e(e(v7,e(e(e(v7,v8),e(v9,v8)),v9)),x))),v10),e(v11,v10)),v11))).

P
102 [hyper,1,56,79]
(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),e(e(u,e(e(e(u,v),e(w,v)),w)),e(e(v6,e(e(e(v6,v7),e(v8,v7)),v8)),e(e(e(e(e(v9,e(e(e(v9,v10),e(v11,v10)),v11)),v1

P
132 [hyper,1,102,77]
(e(e(x,e(e(y,e(e(e(e(e(z,e(e(e(z,u),e(v,u)),v)),e(e(w,e(e(e(w,v6),e(v7,v6)),v7)),y)),v8),e(v9,v8)),v9)),x)),e(v10,e(e(e(v10,v11),e(v12,v11)),v12)

1
133 [hyper,1,102,70]P(e(e(x,e(e(y,e(e(e(y,z),e(u,z)),u)),x)),e(v,e(e(e(v,w),e(v6,w)),v6)))).
48 [hyper,1,3,133]

P(e(e(e(e(e(x,e(e(y,e(e(e(y,z),e(u,z)),u)),x)),e(v,e(e(e(v,w),e(v6,w)),v6))),v7),e(v8,v7)),v8)).
154 [hyper,1,148,133]P(e(e(e(x,y),x),y)).

.
2
155 [hyper,1,148,132]P(e(e(e(x,e(y,e(e(e(y,z),e(u,z)),u))),v),e(x,v)))
12 [hyper,1,155,52]P(e(e(e(x,e(e(e(x,y),e(z,y)),z)),e(e(e(u,v),e(w,v)),w)),u)).

2
220 [hyper,1,54,212]P(e(e(e(e(x,y),e(z,y)),z),x)).
30 [hyper,1,3,220]P(e(e(e(e(e(e(e(x,y),e(z,y)),z),x),u),e(v,u)),v)).

.
2
263 [hyper,1,230,58]P(e(e(e(e(x,e(e(e(x,y),e(z,y)),z)),e(e(e(e(e(u,v),e(w,v)),w),u),v6)),v7),e(v6,v7)))
74 [hyper,1,263,220]P(e(e(x,y),e(e(y,z),e(x,z)))).

.
3
305 [hyper,1,274,154]P(e(e(x,y),e(e(e(z,x),z),y)))
23 [hyper,1,274,305]P(e(e(e(e(e(x,y),x),z),u),e(e(y,z),u))).

4
403 [hyper,1,323,220]P(e(e(x,y),e(y,x))).
23 [hyper,2,403,274]$ANSWER(all s t indep).

------------ endof proof -------------

Perhapssurprising is the fact that, more than the actual Þnding of treasure,the hunt for many is
t

w
where the real excitement resides. For me, nevertheless, the Þnding was equally exciting as the hun

as.

As for an application of proof shortening,I conjecturethat certaintextbookscould be madesimpler

f
by reducingthe length of various proofs to the point that certain thought-to-bekey lemmaswould in
act be avoided. Suchlemmaavoidancehasoccurredin my research.

s
i

As for ideasand challenges for the future, the following occur to me. You might take threestep
n the middle of a proof, three thought to be crucial. Take the negationof their join and seeka short

s
proof of such,which will force the proofsof eachof the threeto sharesteps. If you aresuccessful,the
hort subproofmight be useful in leadingto a shorterproof of the original goal.



n
t

As for additional challenges, you might considerseekinga proof whoselength is strictly less tha
hat cited in the table. If you enjoy programming,you might attemptto automatethe type of expedi-

tion in focushere.

Until we meet again in anothernotebook,I await any communication you wish to make. My e-
mail addressis wos@mcs.anl.gov. I do plan to produceadditionalnotebooksof this type.
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