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Why searchfor treasure?If the decisionis to makesucha searchwhatkind of treasuremerits the
time and effort? Oncethe type of treasurehasbeenchosenhow do you decidewhereto search? And,
do you needto be an expertto bnd treasure? |Ollanswerthis last questionimmediaely: No, you need
not be an expert;in fact, if you becomeintrigued by what you readhere,you may be able to bnd more
treasurewithout masteringthe implied subtleties.

Here |l tell a story of three such searchesthree expeditionsin searchof hiddentreasure. You can
view this narrative as a notebook,one written by a researchewho relies very heavily on a charmirg
and powerful computer program, namely, OTTER, designedand developedby Wiliam McCune.
(Although | write aboutwhat | was able to bnd with OTTER, similar treasurecan be found with some
other automate reasoningprogram,but | think the programhad bestoffer a wide variety of strategies.)
You will learnwhy | madetheseexpeditionswhat the natureof the treasureis, and wherethe exped
tionstook me. If all goesasimplicitly planned,perhapsone of you will continuethe search--espeaily
if you like puzzlesor games! Further,if my friend and colleagueRossOverbeekis right, a thoroudh
study of how the journeys proceededwill eventualy lead to signibcant insights, some focusing on
Pnding proofsthoughtto be out of reach.

If you like improvemensg in humbersas| do--battingaveragestrack and beld results,swimming
times--youmight Pnd more than piquantthe resultsobtainedand cited here. If you enjoy the conquer
ing of obstaclesand, even more, the methodsthat were used, here also you will bnd excitenent. To
encourageyou to seektreasureof the kind in focus here,| shall include a sampleinput ble and a sam
ple proof that can provide you with a startingpoint.

RaisondOetre

In addition to hoping to motivate readersof this story to join in my searchfor treasure| am writ-
ing this as a record of the eventsthat led to the mining of the treasure. As many know, sometimes
more importantthan the actualtreasureis the exciterment of the hunt, and sometimesnoreimportantis
the natureof the hunt. | suspecthat, for manywho will readthis, the naturewill in the long run prove
more interestingand more valuable. Indeed,if my colleagueRossOverbeekhashis way, this notebook
(aswell asothersl am writing) will shedmuch light on the propertiesof the unbelievaby huge set of
conclusionsthat can be drawn from the simplestof hypotheses.For example--&hough not everyoneOs
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cup of tea, but take a sip anyway--thereare various belds of logic and various belds of mathemécs in
which a single formula, or equation,sufbcesto study the whole. Evenif the tea being serveddoesnot
offer you a bne Ravor, you may still enjoy this narrative,especidly if you like various computerpro-
grams.

Indeed,BillOsprogramOTTER playeda vital role in all three expeditionsto be featured. That pro-
gramautomats logical reasoningthe drawing of conclusionsrom given hypothesesn a mannerthatis
Rawless. With the assistancef OTTER, you neednot understandhe Pne detailsregardingthe theory
underlyingthis story, for that programwill apply an appropriateinferencerule for drawing conclusions
Instead,as (for example)in car-rachg, you drive the car with no requirementof masteringthe elemens
of engineering. Put another way, you can win many poker tournamentswithout having studied
mathemaits to any extent. Therefore,| invite you to sharethe tactics and strategyl employedto reap
the rewards featured here. Even better, | invite you to extend what you bnd in this article; yes
althoughthe mine is deep,l do not believethe vein hasrun out.

One suchmine is in the areaof logic known as equivalental calculus. This areaof logic admits
single axioms, single formulas from which (generally speaking)the entire set of theoremscan be
deduced. You can casuallythink of this areaof logic asconcernedwith equivalene or equality. You
perhapshave seenthe propertiesof re3exivity, symmetry,and transitivity, representedere by the fol-
lowing, wherethe function e denotesequivalene andthe predicateP denotesprovability.

P(e(x,x)). % rel3exivity
P(e(e(x,y),e(y,x))).% symmety
P(e(e(x,y),e(e(y.ze(x,2)))). % transitivity

Since equivalental calculushasthe cited concern(of equivalene), the three clausegust given (which,
in that form, are called clauses)should, intuitively, provide a completeaxiomatization. Becausethese
clausestakentogether,constitutean axiom system,a pathto any of the moreinterestingtheoremsmust
exist startingwith the three and applying an appropriateinferencerule, namely, condensedietachmat
(debPned almostimmediaely). In fact, suchis the case.

Condensedietachmat is the following, where"-" is interpretel as logical notand" I' as logical or.

-P(e(x,y)l -P(x) | P(y).

Perhapsunexpectd, the brst of the three clauses(axioms)--r&exivity--is deduciblefrom the other
two. In other words, the secondand third clauses(axioms) provide a complete axiomatization, a 2-
basis.

Someof you may be trying, at this very moment,to prove ref3exivity dependenbn symmetryand
transitivity; othersmay evendoubtthatit is true. | wasunawareof this dependencelecadesagowhen
| wrote a paperon logic. Robert(Bob) Veroff is the personwho told me aboutthe dependence Now,
if you are working on the problemand do not wish to seea proof, you had bestpausehere. Indeed,|
am aboutto give a proof, a short proof, of the dependence Whenandif you readthe proof, do not be
discouragedf you bnd it far from transparent.l now give the proof, relying on the use of condensed
detachmat (capturedby the useof aninferencerule called hyperresolutiorand the appropriateclause),
that rel3exivity is dependenbn the pair, symmetryandtransitivity.

----- Otter 3.3g-work,Jan2005 -----

The processwas startedby wos on lemma.nts.anl.goy
Tue Jul 31 08:49:182007

The commandwas"otter". The procesdD is 1035.



----> UNIT CONFLICT at 0.02sec----> 152 [binary,151.1,109.13ANSWER((ré3ex).

Lengthof proofis 2. Level of proofis 2.

90 [] -P(e(x,y))! -P(x) P(y).

93[] P(e(e(x,y).e(y.x))).

94 [] P(e(e(xy).e(e(y.2)(®.2)))).

109[] -P(e(a,a)) SANSWER(réiex).

127 [hyper,90,93,94P(e(e(e(x,y),e(z,y))(&.X))).
151 [hyper,90,127,93P(e(X,X)).

As for a specbc and charmingexampleof a single axiom for EC (equivalenial calculus),the fol-
lowing formula, known as XCB, providesyet anotherkey item for this story beingtold.

Ple(x.e(e(e(x,y).e()).2))). % XCB

The formula XCB is the last of its kind, sadto say. In particula, no other formula of this length will

ever be found that can serveas a single axiom for equivalenial calculus. Its power, its statusof being
a single axiom, was proved on April 13, 2002. That occurrenceconcludedan intensestudy by my
esteemd colleague D. (Ted) Ulrich and me. Without an automatd reasoningprogram offering
OTTEROswumerousoptions--andfew programsoffer a comparableset of strategiesfor restricting and
directing the reasoning--theguestionof whetherXCB is a single axiom would, | strongly suspectstill

be open. With the assistancef that tirelessand RBawlessreasoningprogram,the Pnal and fourteenth
shortestsingle axiom for EC was found. (No axiom exists, for this areaof logic, that, ignoring the
predicatesymbol, relies on strictly fewer than elevensymbols.)

The type of treasurerepresentedy the answeringof the XCB openquestionis hard to matchand
strikingly different from the treasurein focus here. In orderto understandhe natureof the object of
the three expeditionsto be describedjust a bit moreis needed. Thenit will be time for detailing each
of the threejourneysandthe treasurethat wasfound.

To provethat XCB is a single axiom for equivalental calculus,Ulrich and | chosea naturaltarget.
In particula, we choseto showthat, from XCB, a proof could be completal that derivessomeknown
basis. So, as targets,we focusedon the cited 2-basisas well as on thirteen known shortestsingle
axioms,the following.

P(e(e(x,y).e(e(z,y)(®,2)))). %P1 YQL
P(e(e(x,y).e(e(x,2)(@,y)))). % P2 YQF
P(e(e(x,y).e(e(x).e(y,z)))). % P3_YQJ
P(e(e(e(x,y),z),e(y(e.x)))). % P4 UM
Ple(x,e(e(y,e(x,D.e(z.,y)))). % P5 XGF
P(e(e(x,e(y,z)).e((x,y)))). % P7 WN
Ple(e(x,y).e(z.62(y,2),X)))). % P8 YRM
P(e(e(x.y).e(z,e(e.y)x)))). % P9 YRO
P(e(e(e(x,e(y.D,2),e(y,X))). % PYO
P(e(e(e(x,e(y,2)),y)(€,x))). % PYM
P(e(x,e(e(y,e(x)).e(z,y)))). % XGK
P(e(x,e(e(y,z),e(®,2),y)))). % XHK
P(e(x,e(e(y,z),ee(z,x),y)))). % XHN

(For the scholar,| now in effect quotefrom a recente-mail from Ulrich. In brief, the namesusedhere



are due to JohnKalman, the last letter in eachnameof a formula is usedto specify the exactorderin
which the sententialvariablesoccurring in the formula in questionoccur, while the earlier letter or
letters specify its brackettype or resonatorclass. Full details are given on UlrichOsown web site at
http://web.ics.purdue.edusiulrich/ TRIAL-KalmanOsNamesForThel1-symbolE®#sentm.) If OTTER,
startingwith XCB as the sole hypothesiscompletal a proof whoselast line was one of the given thir-
teen, or completel a proof deriving both transitivity and symmetry, then Ulrich and | would have
shownXCB to be a single axiom for EC. As it turnedout, a numberof relevantproofswere eventualy
completed.

The natural questionto ask concernsthe meansfor drawing conclusionsto be usedin a possible
proof, whetherby a personor by a computerprogram. As mentionedearlier, the means the inferene
rule, is the following, known as condensedietachmat, where"-" is interprete as logical notand" I' as
logical or.

-P(e(x,y)l -P(x)| P(y).

Although this rule can be applied by hand, fortunately you neednot add this skill to your collecion.
Instead,you canrely on OTTER. In fact, you neednot graspthe subtletiesof this rule if andwhenyou
attempt to extendthe resultsgiven in this story. You can hunt for treasureof the type offered here by
applying the methodsto be discussedopr by inventing your own.

By this time, your curiosity may have grown exponentidly regardingthe nature of the treasure.
The treasuresoughtin eachof the three expeditionsthat are central to this story consistsof various
short proofs. (Short proofs were of interestthroughoutthe decadeso suchas C. A. Meredith, A. N.
Prior, I. Thomas,and, discoveredrelativdy recently,to Hilbert; indeed,still today, the interestin proof
shorteningis of concernto variouslogicians and matheméicians.) Yes, a so-calledprst proof of some
thought-to-betrue statementis the usual goal in logic and in matheméics, as well asin other belds
But, just as someseeka shorterpath to travel on the way home,and someseeka more efbcient algo-
rithm for performing sometask, throughoutthe decadesomeresearcherfave soughtthe shortest(or at
leasta short) proof. Clearly, the seekingof shorterand ever shorterproofsfascinats me. That activity
hasdominatedmy researchin the pastfew years. Perhapdisappointingto some,yet intriguing to oth-
ers, no practicd algorithm existsfor bnding shorterand ever shorterproofs. Also, evenwith the assis-
tanceof a programof OTTEROsype, much adviceis crucial, advice aboutwhereto look, wherenot to
look, which deductionsare most appealing,and the like. And advice giving is more subtle than it
might appear.

For example--ad perhapsfar from obvious--if you do not advise the program that a particula
deductionis mostappealing,its complexity (measuredn symbol count) may preventthe programfrom
ever concentréing on it. On the other hand,if you advisethe programto concentrée on somespeckhc
formula or equation,if and whenit is deducedthat formula or equationmay lead the programinto a
cul de sac. Suchan item might causethe programto completea proof of say 30 steps,whereasavoid-
ing its consideratiormight enablethe programto bnd a 25-stepproof.

At this point, | invite you to sharemy exciterrent as| recountthree expeditions,eachdesignedto bnd
(for me, and perhapsfor others)greattreasure. If the treasuredoesnot dazzleyou, perhapshe various
methodsand approachewill. For the smallestof tastes,sometimeghe key wasto wait, and wait for a
long, long time--for far more than 100 CPU-hourson a Linux workstation.

The First Expedition
Somebackgroundand stagesettingare in order. Otherwise the picture would be morethanincom-

plete. Indeed,my intent (as you can guess)is to spur variousindividuals to conductresearchextend
researchand, at least,delveinto new and exciting areas.



In what ways did my experienes, alone or with anotherresearcherprompt me to make the brst
expedition? First, for years,as early as 1992, | have beenquite consumedby the seekingof shorter
proofs, especidly thosein the publishedliterature. | suggestthat at leasta few of you would bnd it
exhilarating to Pnd and offer a proof of someresultwhoselength measuredn deducedsteps,is strictly
shorterthan the result papersand books offer. Justfor clarity, you are not allowed to leave out steps
indeed,you are askedto supplythe inferencerule or rules,andyour proof mustgive the history of each
deducedstep. This requirementis more typical of many areasof logic thanit is of various areasof
mathemaics.

The secondforce that motivated me was our successthat of Ulrich and me, in proving XCB to be
a single axiom for equivalental calculus. As noted earlier, we choseas targetsvarious known single
axioms aswell asthe 2-basisconsistingof symmetryand transitivity. Our succesdncluded a number
of proofs of the desiredtype, although rather long oneswhen comparedto the results| give when
Expedition Three is the focus. Of course,far more important than shorteningthe proofs was the
demonstratiorthat the formula XCB is an axiom, a shortestsingle axiom. You might naturally wonde
about someof the aspectof that success.

Certainly a key factor was UlrichOssuccesswith proving (on April 6, 2002) one of the bfteen 7-
symbol theoremswith XCB as the sole hypothesis. An additional key factor was accessto McCuneQOs
OTTER and, of course,its optionsfor typesof search(which will be brieSy addressedt this time) and
for advice taking. At the simplestlevel, OTTER offers two types of search: that of level saturatim
and that of complexity preference Regardingthe former, an input clausehasby debnition level 0; a
(particula occurrenceof a) deducedclausehasa level one greaterthan the maximum of the levels of
its parents. With level saturation,within the limits placedon the searchby variousvaluesassignedo
parametes, the programdeducesall clausesof level 1, then of level 2, then of level 3, and the like.
Intuitively, children are brst produced thengrandchildrenthen greatgrandchildrenandthe like.

The use of level saturationpresentsa formidable obstacle. Specbcally, in the majority of cases
the levels grow in size very rapidly, which preventsthe programfrom exploring levels much greater
than,say, 14.

In contrast,with complexity preferencethe programdoesnot considerthe clausesin the orderthey
are retained. Rather,the choicefor the next clauseon which to focusfor inferencerule applicaton is
basedon the programOsotion of simplest. If no guidanceis given, simpler is measuredstrictly in
terms of symbol count. However,as implied, the usercan include variousitems (weight templages or
resonators for example)that override this measure,informing the program, for example,that some
clauseis to be treatedas simple eventhoughit may rely on many, many symbols.

UlrichOssuccessof April 6 suggestedo me (becauseof my many, many experimens throughout
the years) that OTTER be addedto the team. Both a level saturationand a complexily preference
search were initiated in separateruns. Each yielded useful proofs, proofs of more of the bfteen 7-
symbol formulas. As expecté, the level-saturéion approachtook a greatdeal of time, four daysin
real time, but it did yield the key bit of information. (I almostterminaed the level-saturéion run after
two real daysbecausenothingwas happeningwhat an unfortunatechoicethat would haveturnedout to
be!) The move that openedthe door that had beenlocked for so many decadesvasto rely on the proof
stepsof the various proofs of the 7-symbolformulas. For the historian, Robert (Bob) Veroff playeda
key role in that his superbhints strategywas employed;indeed,the proof stepswere adjoinedas hints,
which | shall briey explainnow.

Hints are not treatedas being true or false. Instead,hints are usedby OTTER, or by any other
automate reasoningprogramoffering that capabilty, to guide the programin its choice of wherenex
to focus, amongother uses. Yes, hints are usedfor advice giving, for example,to inform the program
that a formula or equation,though appearingto be complex, is to be consideredsimple. To answera



guestionthat would occurto one very familiar with automate reasoningthe hints strategy,when com-
paredto the resonancestrategy,requiresfar lesstime to rely onin OTTER. Neitheris a substitutefor
the other. Also included as hints were formulas correspondingo a proof BrandenFitelson had found
of reflexivity, derivedfrom XCB. (Beforethe Fitelsonproof of ref3exivity was offered, history requires
noting that somehad thoughtthey were on the way to proving XCB too weak to be a single axiom; |
certainl, at onetime, wassucha person.)

Everything went accordingto plan, or hope. The various 7-symbolformulas, including symmetry,
were quickly proved,as well asrefexivity. OTTER completel a 61-steplevel-20 proof of symmetry
and also completel a 71-steplevel-23 proof of transitivity. Yes, the 2-basiswas provedbefore any of
the known single axiomswas deducedwith a proof of length 71 andlevel 23. In addition, the program
completed proofs of P1 YQL, P2 YQF, P3 YQJ, P4 UM, P5 XGF, P7 WN, P8 YRM, P9 YRO,
XGK, PYM, PYO, XHK, XHN, andWajsberg5.

P(e(e(x,e(y,2)),e(y,e(u,2)),e(u,x))))-% Bryman P(e(e(x,e(y,z2)),e(®.e(z,u)),e(u,x)))). % Lukasiewicz1
P(e(e(u,e(x,e(y,2)))e(x.y),e(z,u)))). % Lukasiewicz2 P(e(e(x,e(y,z)),e(&,e(z,u)).e(u,y)))). % Sobe
cinski 1 P(e(e(x,e(y,z)),e(®,e(u,z)),e(u,y)))). % Sobocinski2 P(e(e(e(x,e(y,z))(e(z,u),u)),e(x.y))). %
Wajsberg4 P(e(e(e(e(x.y),z),u)(a,e(x,e(y,z))))). % Wajsberg5

So, in effect, additionaltargetswere offeredin the contextof proof shortening. (In the Epilogue,| sup-
ply, thanksto Ulrich, a bit of charminghistory concerningsingle axioms;therel also offer a challenge
you might bPnd intriguing.)

Ulrich was--andindeedstill is--a motivating force in theseexpeditionsof proof shortening. He is
indeedinterestedin proof shortening. His successef proof shorteningbroughtme pleasure. He can
with his knowledgeand his intuition and his own (interactve) program,seeplaceswhere stepscan be
saved;l do not havethat ability. Ulrich wasaseageras| to bnd a far shorterproof establishingXCB
to be a single axiom for EC.

If memoryserves,| believethat Ulrich preferredto focus mostly on the 2-basisasthe target. How-
ever, becauseof OTTERO®ature,no needexistedfor focusingexclusively on the 2-basis. Indeed,this
program permits the researcheto seekin one run many proofs of many so-calledtargetsat the same
time, if that is the choice,aswell as many proofs of a single target. Therefore,the goal wasto simuk
taneouslyseek shorter and ever shorter proofs of the 2-basis,as well as thosefor eachof the other
known shortestsingle axioms, thirteen in number. Immediatly you will see how the ability to bnd
many proofs of the sameresultin onerun comesinto play.

Oneof the featuresof OTTER is the choiceof whetherto usea procedurecalled ancestorsubsump
tion. When this procedureis invoked (is set), the program,upon deducinga secondcopy of a conclu-
sion alreadyretained,will comparethe two proofs that deducethe conclusionin the context of prod
length (numberof deducedsteps). With ancestorsubsumptionthe shorterproof is the onethat is kept
in focus. In otherwords,if the secondproof is strictly shorterthan the brst, then that proof is the one
that is actively maintaned. A natural conjectureassertsthat the use of this procedureis just what is
needed. Although intuitively reasonablesuchis not the case,asthe following shows.

First, imagine that the goal is to prove both symmetryand transitivity. Thenimaginethat the pro-
gram bnds an 18-stepproof of the brst and a 20-stepproof of the second. If the proofs have sixteen
deducedstepsin common,thenthe length of the proof of the corresponding@-basisis 16+2+4= 22. If
the programcontinuedand found a 15-stepproof of symmetryand a 17-stepproof of transitivity, andif
ancestorsubsumptiorwere in use,thesenew proofs would take preference If this new pair of proofs
had but three stepsin common,thentakentogether,the programwould presenta proof of the 2-basisof
length29, 3+12+14. Finally, if the secondpair of proofswasfound beforethe brst proof of transitivity
was completal, the programwould haveno interestin a 20-stepproof of transitivity. Therefore,in the



given case,the 22-stepproof of the 2-basiswould neverbe offered. By the way, you can constructa
somewhatsimilar examplewhenthe targetis a single formula or equation. At the moment,| leavethis
taskto you--if you enjoy challenges or puzzles.

Despitethe possibility of getting into trouble (of the type just illustrated) when using ancestorsub-
sumption,| usedit andusedit heavily in the pursuitof a much shorterproof showingXCB to be a sin
gle axiom. And the brst expeditionhad begun,and begunin earnest. But far more would be neededf
a bne prize wasto be won, a proof of lengthfar lessthan71.

Ratherthan a detailed account,| highlight here someof the key procedureghat led to bnding the
sought-aftertreasure. That which requiresthe least explanaton concernshint replacenent. When
ancestorsubsumptiorsucceedspften the programreturnsa numberof proofs of the sametarget. They,
as earlier remarksjustify, are not always smallerin length and still smaller. However,if andwhena
shorter proof is found, you take its proof stepsand, in the next run, replacethe hints that were usedby
hints correspondingo the stepsof the new and shorterproof. In a mannerof speaking,you are ena
bling the programto learn about better, more effective setsof hints. Use of the new set of hints,
smallerin numberthan thoseusedto (in effect) bnd them, will typically lead to the programOsither
bnding the so-callednew proof again or, one hopes,bnding a still shorterproof. Iteration is the key
move, usingsmallerandstill smallersetsof hints.

Next, when the combinaton of ancestorsubsumptionand hint replacenent stoppedshowing pro-
gress,we turnedto an odd use of demodulatn. You might keepin mind that, ordinarily, demodula
tion is usedfor simplibcation and canonicdization. In the use now in focus, however,it is usedto
block the retention of one or more formulas that the user classbes as unwanted. Such clausesare
demodulate to junk, a constantusedto meanunwanted,and propagatedvith the appropriatedemodu-
lators to enableOTTER to purgethe clause. The following list givesthe rudimentsof what is needed
in additionto including a demodulatorthat purgesupon generationan unwantedclause.

list(demodul#ors).
(e(x,junk) = junk).
(e(junk,x) = junk).
(P(junk) = $T).
end of list.

Sometimes someformula or equation,when presentin a proof, resultsin a proof longerthan necessary.
In an extremecase,the programcan bnd a proof all of whosestepsare amongthoseof an earlier proof

thatis one steplonger. What haschangeds the history, the parentageof a clause. To putit in general
terms,two parents(sayin the animal world) can have many children; in manylogics, for example,one

child can have many pairs of parents. With condenseddetachmat, suchis indeedthe case,which is

one reasonwhy demodulatbn blocking can work. Two choicesexist with this so-calleddemodulatbn

blocking. You can more or lessforce the programto consideronly the clausesin the proof in hand.

Instead,you can give the programadditional latitude, allowing it to bring into play clausesnot in the

proof in hand. During this brst expedition,demodulatbn blocking was often used,in additionto ances-
tor subsumptiorand hint replacenent.

Next in focusin the pursuit of treasurein the form of yet shorterproofsis a more recentstrategy,
that of cramming. In contrastto the hints strategyor the resonancestrategy,in the crammingstrategy
items are addedthat do have a truth value, namely,true. In orderto setthe stagefor its introduction,
somemotivation is merited. If you returnto the exampleof longer and shorterproofsin the contextof
the 2-basis,you will againseethat the proof of suchbendts from the two subproofs(of symmetryand
transitivity) sharingas many stepsin commonas possible. In a way, whena formula or equationparti
cipatesin two proofs that are eachsubproofsof a total proof, that formula or equationis doing double
duty. If aformulaor equationis a parentof threeor more later deducedsteps,you might saythat such



a formula is doing triple duty or more. So the task at handwas to devisea method,or strategy,that
forcesvariousitems to do double duty, triple duty, or more. Put anotherway, if you havein handa
proof of, say, symmetryand wish to completea proof of transitivity that relies on many of the proof
stepsof symmetry,you might wonderhow to havethis happen.

The crammingstrategywas born. It works in the following way. You place the (deduced)proof
stepsof the proof of symmetryin the input as so-to-speakaddedaxioms or lemmas. In the caseof
OTTER, you placethemin list(sos)so they will be ableto initiate applicatons of the choseninference
rule or rules. You then instruct the programto focus on theseaddeditems beforeit focuseson any
newly deducedand retainedconclusions. With OTTER, you include the commandset(input sos brst).
You can insteadchoosea level-saturéion search,with the commandset(sosqueue). That command
will, as discussecearlier, brst focus on all of the input clausesin list(sos)with the goal of deducing
level-1 clausesheforededucinglevel-2 clauses.

To provide more insight (for the reader)into how crammingworks and what can happen the pro-
gram might deduceand retain a conclusionC suchthat the proof relies on a numberof itemsthat were
addedto the input from an earlier proof of, say,B. If the programbndsa second quite different proof
of C, but of the samelength as the brst proof, then evenwith the use of ancestorsubsumptionthe brst
proof will be the one that staysin focus. In the casethat could occurto you, B is symmetryand C is
transitivity. If all goesas planned,the resultis the crammingof proof stepsof symmetryinto a prod
of transitivity. By the way, | usecrammingheavily, both in the casein which the targetis the join or
simultaneousconsideratiorof two or more targetsandin the casein which a singleformula or equation
is the target. Justfor clarity, in the latter case,my goal is to force certain deducedstepsto be used
repeately, asoften as possible,and thus avoid the needfor so-calledextra stepswhosepresencemight
resultin the completon of a proof longerthandesired.

Of course,as you might have surmised,| also run different experimens, where the difference
resideswith variousvaluesassignedo max weight and other suchparametes. Commonto the various
approachess the intent to perturbthe wanderingsthroughthe huge searchspaceof deducibleconclu-
sions. As you may know or will discoverwith experimenation, a large obstacleis presentecby the
hugenessf the spaceof conclusionsthat can be deduced. Even with a very fast computerand a very
fast program,you will Pnd it far more than advisableto rely on restriction strategiesand direction stra
tegies,ratherthan merely having the programwanderwhereverit happendo go. For but one example,
most pertinentto the expeditionsnarratedhere,almostfor certain,all proofs showingXCB to be a sin-
gle axiom, terminatng with the deductionof the cited 2-basisor with the deductionof a known single
axiom, requirethe presenceof at leastone formula relying on twelve distinct variables. In the contest
of symbol count, (including the predicatesymbol) max weight must be assignech value of at least48
if a proofis to be found, and any exhaustivesearchwithin sucha constraintis doomed.

Now you know a fair amountabout the mode of travel, about the so-called equipmentthat was
used,aboutthe natureof the experimens. If you and| were readingthis story or notebookfor the brst
time, you might sharethe impatience | would certainly be feeling. Indeed,preciselywhat treasurewas
found? Certainly, at leastsomeof you would preferto try your own handat mining, ratherthan being
treatedto a huge number of details regarding one experimentafter another. Further,in that | run
numerousexperimens simultaneously] suspect would havedifbculty recoveringthe actualjourney as
it occurred.

If memoryservesUlrich was mostinterestedin seekinga proof completng with a deductionof the
two-elementbasis,that consistingof symmetryand transitivity. | still know of no way to capturewith
OTTER the aforementbnedskill that Ulrich has,of studyinga proof anddiscoveringhow a stepcanbe
saved. But | wasableto rely on the cited approaches.In a bit more thantwo weeksafter the astound
ing and most satisfyingsuccesswith proving XCB a single axiom, on May 1, 2002, OTTER presented
a 25-stepproof of the 2-basis. However, history should note that OTTER brst found a 26-stepproof.



It was able to completethe cited 25-stepproof becauseUlrich showedme how to savea step. Espe-
cially for the curious, Ulrich then or soon after set forth the goal of Pnding a proof of length strictly
lessthan 20, a goal still out of reach. Neverthelss, he and | were both delightedwith the proof we
had. By the way, Ulrich and| eachconjecturé that, to bnd a proof of lengthlessthan 25, formulas of
greatercomplexity than presentin our proof would probablybe needed. The 25-stepproof requiresthe
use of formulas of weight (complexiy) 48 (measuredn symbol count), including predicate formulas
relying on twelve distinct variables. Further,the experimens suggesthat no proof showingXCB to be
a single axiom and completing with the deductionof a known axiom systemcan be found with strictly
lesscomplexity.

By early July 2002, more treasurehad beenextractal. In particula, OTTER had presentedproofs
of lengthsbetween26 and 30 of the otherthirteenshortestsingle axioms. In addition, the programhad
found sevenother proofs of known single axioms, each axiom of length greaterthan eleven, whose
lengthsrangefrom 29 to 36.

If I recall correctly, Ulrich and| were eachquite pleasedat the reductionin proof length, especidly
in the contextof the 2-basis. Furtherexperimens yielded but a few small nuggets. Of course,assone
who know me would assert,in the back of my mind was the intention of revisiting this areawhen and
if new and powerful strategieswere forthcoming. But | was not very optimistic, after all, many, mary
additional experimens had provedessentiallyunsuccessful.

The SecondExpedition

In mid-summer2004, Argonne hostedone of a seriesof workshopson automate reasoningand
deduction. Presentat that workshopwas Mark Stickel, a scholarindeed. At one of my talks, | men
tioned the goal of bnding a proof of length strictly lessthan twenty+ve, showing XCB to be a single
axiom. | did not expectanybodyto seriously considerthe problem at that time. However, montts
later,on December24, 2004, receival an exciting e-mail from Mark--whata Christmaspresent!

Mark had accessto a program,of his own design,that thoroughly exploredthe use of condensé
detachmat, given an axiom system. As for the cited exciterment, Mark sentsix proofs that deduced,
from XCB, the 2-basisof interest,each proof of length 24. Yes, he had found proofs of length less
than 25, a goal that had resistedmy substantialattemps. The brst three proofs were of greaterinterest
in that the last three of the six were variationsof the brst three, differing in their history. Now, asmay
have becomeclear at this point, the history is not my main concern;rather,the setof formulasthat are
deducedthat together(in effect) form a proof are the itemson which | focus. What a treat: to havein
hand a new and shorterproof to study and experimentwith!

| informed Ulrich of MarkOsmost satisfying achievenent, and, of course, he was pleasedand
interested. What was MarkOssecret? What insight did he have that had eludedme? Well, harking
back to monthsand monthsearlier (as remarkedearlier), Mark had permitted his programto conside
formulasrelying on strictly more than 48 symbols. Indeed,in his brst proof and his third proof, one of
the formulasrelies on sixteendistinct variablesthat, if measuredn symbol count (including predicate,
has weight 64. Now what do you think | did with MarkOsproof, and, of not quite as much interest,
which proof did | focuson?

The secondquestionis easierto answer,especidly for thosewho know of my lack of patience-
somecall it haste. | chosethe brst proof | sawamongthe six, totally paying no attenton to the othe
bve. As for the brst question,l (as one might predict) usedthe twenty-four formulas of MarkOsproof
as hints (and no others,if memoryserves)and employedMcCuneOancestorsubsumption. In lessthen
2 CPU-minutes,still on December24, OTTER offered a newer and most pleasingproof, a proof of
length 23. | note immedigely, for any personwho concludesthat Mark had missedsomething,tha
ancestorsubsumptionis quite powerful. Further, the deductionof the 2-basisrelied on two clauses,



eachof which is numberedn excessof 55,000(marking how many clauseshad beenretained,andwho
knows how many had beendeduced). Mark certainly did not miss anything;instead,he merits substan-
tial compliments for his achievenent.

| was, of course,presentedvith a problem. Shouldl notify Mark, which might in someway bring
him displeasureopr shouldl simply sit on the 23-stepproof, which | had sentto Ulrich assoonas| had
it? The decisionwasto sendthe 23-stepproof to Mark, who wasmostgracious.

Nobody (familiar with my attitude toward research)can doubt my zeal to bnd a proof of length
gtrictly less than 23 (applicatons of condenseddetachmat). After all, besidesthe greed| always
experiene, Ulrich hadtold me of his goal to bPnd a proof of length strictly lessthan 20, not requiring
the 2-basisas the terminaton point. Sol tried, andtried, andtried, but to no avail. Indeed,if | recall
correctly--a | sit here,|Omtrying to talk aboutoccurrencs of late 2004 and early 2005, and now it is
July 2007--1 renewedthis treasurehunt on and off for manyweeks.

In early April 2005 (April 2, | am fairly certain),| Pnally turnedto the useof the crammingstra
tegy. Specbcally, | addedin the spirit of axiomsthe brst sevenstepsof the 23-stepproof. To force
the programto useeachof the sevento initiate applicatons of condensedletachmat, | placedthemin
list(sos)and addedthe commandlist(sos queue)to instruct OTTER to uselevel saturation. After run-
ning overnightand retainingmore than 28,000new clauses OTTER informed me that bfteen additiond
deducedstepswould completea proof of the 2-basis. Yes, if takentogether,the brst sevenstepsof the
23-stepproof combinedwith the appropriatey chosenbfteen stepswould producea 22-stepproof, the
brst of its kind. Indeed,a run with those twenty-two hints immediaely veribed the claim, and (for
Ulrich andfor me) more Pne treasurehad beenfound. For the personenjoying piquantdetails,the 22-
step proof relies on sevenformulasnot presentin the 23-stepproof--sol claim, if my delving backinto
history hasbeensuccessful.

As for the other thirteen single axioms, exceptfor P9 and XHN, this secondexpedition found
shorterproofs than were found in the brst expedition. Especialy satisfyingwas a proof of length 24
deducingP7. Of the other seventargets,the single axioms of length greaterthan 11, only that called
Wajsberg5 had its proof shortened. And, at this point, | might have thoughtthe seekingof shorte
proofs of the kind in focus herewas at an end--exceptknowing myself as| do, sucha searchis essen-
tially neverat anend. Indeed,whenandif a new strategyor idea shouldbe encounterd, | knew that |
would againrevisit equivalenial calculusin the contextof XCB. And | did.

The Third Expedition

This third expeditionwas promptedby Overbeek suggestinghat | offer variousnotebooksconcern-
ing aspectsof my past, present,and, perhapsmost important, possiblefuture research. | thoughtthat,
since | was going to attemptto recapturesomeof history, | shouldagainseekshorterproofs by relying
on something. It occurredto me that | shouldrevisit MarkOse-mail of December2004, inspectinghis
proofs a bit closerthan | had. The secondproof, after the smallestnumberof experimens, was dis-
cardedin the contextof seekingshorterproofs, mainly becauset did not rely on enoughdistinct vari-
ables, and | thoughtadditional variable richnessmight be needed. However, the third proof appeared
promising,especidly in thatit relied on 16-variableformulasasthe brst does. And the third expedition
wasunderway.

Since the approachtaken in the secondexpedition had yielded new results, | decided (not pro-
foundly) to emulateit, taking his third (24-step)proof and seekinga shorterproof from it. | relied on
the twenty-four formulasfrom MarkOgproof as hints, and | usedancestorsubsumption. In lessthan 90
CPU-secondsQTTER returnedto me a 23-stepproof. This new proof differed from the preceding23-
step proof (that playedsucha key role) only in oneimportantrespect: Its bfth step. In fact, exceptfor
the cited difference all of the formulas occur in the sameorder in both proofs. Could sucha smal



differenceeverleadto any new discoveries?

Fortunately,with OTTER as an assistantyirtually no effort wasrequiredto bnd out. As before, |
used cramming, placing the brst sevenstepsof the new 23-stepproof in list(sos), and placing in the
hints list variousformulasfrom earlier proofs. As noted,the hints are includedto give someguidance
to the programOsearch. As in the earlier study with the earlier 23-stepproof, | instructedOTTER to
rely on level saturation,hoping that a new proof would be found, one of interest. After a long, long
run, nearly 11,000 CPU-secondsand the retention of almost 26,000 new conclusions,OTTER found
sixteen stepsthat, takentogetherwith the given seven yielded a proof of the 2-basis.

Ratherthan assumingno progresshad beenmade, | included the sixteenformulas as hints, still
includedthe cited seven,aswell as hints from an earlier setof proofs. The goal (hopemight be better
advised)was that the programwould not merely presentthe already-in-had 23-stepproof of the 2-
basis. It did not; instead,it almostimmedigely offered a 22-stepproof, one that, with a bit of analysis
was slightly different from the 22-stepproof already found. In particula, the eighteent step of the
older 22-stepproof wasreplaca by a different formula; the former eighteent steprelies on elevendis-
tinct variables,and the latter on eight. In otherwords, the newer 22-stepproof has smaller sizeN1658
versus1696Na term (introducedto me by Ulrich) that measureshe total numberof symbolspresentin
the deducedformulas. The new 22-stepproof containsbve formulas not in the newer 23-stepproof.
So, althoughnot a proof shorterin length, someprogresshad occurred.

More was to be found in the correspondingoutput Ple; indeed, as is typical of my research,|
instructed the program to accrue as many proofs as it could by running for a long, long time.
Specbcally, for quite a few of the other thirteen shortestsingle axioms, a shorter proof was found
Most exciting to me was the bPnding, amongthe new proofs, two of length 23, that for P2 YQF and
that for P7 WN, the Prst proofs of that length terminatng in the deductionof a known single axiom. |
had never before seenproofs this short that deducedfrom XCB anothershortestsingle axiom. Yes, |
still considerthe cited resultsa treasure.

The expeditionwas nearingits end. Of coursemany more experimens occurredto me. Oneof the
obstaclesrestswith the huge numberof experimens that can be tried. | did not simply returnto my
home with the cited treasurein hand. | wishedto bnd evenshorterproofsfor all of the twenty targets,
the thirteen shortestsingle axioms (other than XCB) aswell asthe sevenof length greaterthan eleven
What had | not tried? After all, continuedcrammingand modifying of the value of variousparametes
was yielding nothing of signibcance. And an idea occurredto me, onethat| had not used(asfar asl
know) in any of the three expeditions. | could add to the approachthe use of the hot list strategy,
which | shall discussbrief3y right now.

The hot list strategycameinto being becauseof one generalobservationl made,one that would be
evidentto anyonereadinga numberof proofsin matheméics andin logic. In particula, quite common
to a proof in either beld is frequentuse (or return to) the key property or propertiesin focus. For
example,if the study concernsrings in which the cube of every elementx is x, andif the goal is to
prove that suchrings are commutaive, a typical proof will reston frequentuse of the addedproperty,
that concerningthe cubeof x. To havea programoffer this type of approachthe hot list strategywas
born. To useit with, say,OTTER, you placein a new list, list(hot), the item or items you wish to take
centerstage. To apply the strategy,the program must then, upon the retention of a new conclusion
apply the inferencerule or rulesthat are being usedto the newly retainedconclusiontogetherwith the
variouselemens of the hot list.

In the caseof a study of XCB, you placein list(hot) a copy of the correspondingclauseaswell as
a copy of the clause for condenseddetachmat. You also include a command of the form
assign(heat,1). Theseactionswill causethe programto visit XCB (with condensedletachmat) every
time a new conclusionis retained.



Clearly, my greatestobjective was to bnd a proof of length 21 or less. Failing that, | was after
shorterproofs of someof the twenty targets. | canreportpartial success: Somenew and shorterproofs
were found, which causedme to considerclosing this notebookand endingthe third Expedition. After
all, with few exceptionsat this point, the variousproofswere of length strictly lessthanthirty.

Neverthelss, one Pnal experimentoccurredto me. The object was to removeat leastone of the
exceptions--tobnd a proof, for one of those annoying formulas, of length strictly less than thirty. |
placed in the hints list only correspondent®f a 30-stepproof of Wajsberg4 and those of a 31-step
proof of Bryman. PerhapsOTTER would returnto me one of the desiredproofs, of length twenty-nire
or less. | was, asyou would note, trying to build on earlier successewith proof shortening. Research
sometimesworks that way: You make one or more discoveries,and then you use those results to
obtain even more. To my satisfaction,progressdid occur. To my amazenent, progresswas made
regardingvarious axioms, namely, P1 YQL, P9 YRO, Bryman, one of the Lukasiewicz axioms, and
both Wajsbergaxioms. Why the use of the cited hints had such a profound effect--especially after |
had conductedsuch a large numberof experimens--is beyondmy currentunderstanding.If you wish
to tackle a substantialchallenge you might try to provide a good explanaton, or at leasta more-than-
plausibleconjecture

Perhapsone of you who readsthis will Pnd evenshorterproofs. If you are consideringan attempt
I now offer you a possibly useful table. Also, becausehis writing is mostly like a notebook,| offer
you a brief treatment of yet one more experiment one of a naturedifferent from thosediscussectarlier,
andonethat can be thoughtof asan interjedion or a P.S.

I had believed that the notebookwas as completeas it was going to be. It evinced, before the
experiment! now discuss,one small drawback,namely, all proofs but one that completel with the
deductionof a shortestsingle axiom had lengthsbetween23 and 26. The formula XGK wasthe excep-
tion; indeed,after numeroustries, | had not beenableto bnd a proof of length strictly lessthan27. So,
it seemed] would haveto live with the exception. Thenit occurredto me that the blocking of formu-
las with demodulatbn (demodulatng the unwantedto junk) also blockedinstancesof an unwantedfor-
mula, but an alternaive existed. In particula, by including an item of the following type, the program
will, insteadof blocking instances block similar formulas, those differing only at the variable leve
(treatingall variablesasindistinguishablg

weight(P(e(e(e(@(x.y).e(z.y)).2),u) &,u))),100)

With this inclusion and a max weight assigneda value strictly lessthan 100, whenandif the given for-
mula or one similar to it is deducedjt will be discarded. | chosethat formula becausét wasusedonly
once asa parentin a 27-step,level-19 proof of XGK. Yes, moretreasure: In lessthan1 CPU-second,
OTTER returneda 26-step level-22 proof, andthe table | now give wasto me more pleasing,all proofs
terminating in the deductionof a shortestsingle axiom havelengthsbetween23 and 26.

Table of Proof Lengths

In the following table, you will bnd the treasuredound in the respectiveexpeditions. The results
are listed in the following order: thosefrom the third Expedition,from the second,from the brst, and
from the original run that brst proved XCB to be a single axiom. The table designatesvhich expedi-
tion is in focus and which targetis in focus, the 2-basisfollowed by known single axioms. If you
decideto studyany of the individual targetswith XCB asthe sole hypothesisyou will havein handthe
bestl wasableto bnd asof mid-2007.

#3 2-basis22, 724 size not counting pred parenscommas;
#2 22,size744; #1 22; #0 71;
#3 P1 24; #2 26; #1 28; #0 76



#3 P2 23; #2 25; #1 26; #0 78;
#3 P3 26; #2 27; #129; #0 77,
#3 P4 26; #2 27; #1 29; #0 75;
#3 P5 25; #2 27; #129; #0 77,
#3 P7 23; #2 24; #1 26; #0 76;
#3 P8 24; #2 26; #127; #0 77,
#3 P9 26; #2 29; #1 29; #0 75;
#3 PYM 25; #2 26; #129; #0 77,
#3 PYO 25; #2 27; #1 28; #0 87;
#3 XGK 26; #2 27; #1 30; #0 81,
#3 XHK 26; #2 26; #1 29; #0 77,
#3 XHN 26; #2 29; #129; #0 77,
#3 Bry 30; #2 34, #1 34,

#3 Lukal 27; #2 33; #1 33;

#3 Luka2 28; #2 36; #1 36;

#3 Sobo0128; #2 29; #1 29;

#3 Sob0226; #2 28; #1 28;

#3 Wajs429; #2 36; #1 36;

#3 Wajsb527; #2 31; #1 35; #0 79,

Epilogue

| intend that this be but one of a seriesof notebooksor articles on the automaton of reasoning.
Although eachis clearly not polished,nevertheles a readingof one or more of them might provide you
with someexciterrent. Further, perhapsyou will Pnd a thesistopic in one of thesenotebooksor the
basisfor researclthat leadsto a publication.

At this point, aspromised,l focuson somehistory providedto me by Ulrich, and,in that context,|
offer you a challenge The very brst SINGLE axiomsfor EC ever found are of length 15 and are due
to Wajsberg. Six additional single axioms of length 15 were discoverednext, one by Bryson, two by
Lukasiewicz andthreeby Sobocinski. The SHORTESTPOSSIBLEsingle axiomsfor EC are of lengt
11. The brst three such axiomswere found by Lukasiewicz(YQL, YQF, and YQJ), the next 7 by C.
A. Meredith (UM, XGF, WN, YRM, YRO, PYO, and PYM), the eleventhby Kalman/Merelith (XGK);
note that Kalman himself regardsit asthe mere correctionof a typographicalerror of an eighth one of
MeredithOs.The twelfth and thirteenh were found by S. Winker (XHK and XHN), and the fourteenth
by us (XCB). Ulrich includeda third axiom by Sobocinski,onethat| had neverstudied,which | offer
to you in two contexts. You cantakeit andtry to derive someknown basis,and, morein the spirit of
this notebook,you cantry to bPnd a shortproof showingthat XCB implies it, the following.

P(e(e(x,e(y,2)).e(&.e(z,u)),e(y,u)))). % Sobocinski3

The notion of automathg logical reasoningis in one obvious sensepreposterousif the goal is to
provide aid for seriousand dedicatel scientists. However,that is exactly what has happened. Indeed
various open questionsin mathemécs and logic have beenanswered somethat were openfor many
decades.My goal is not only to causemore activity in science. In fact, if one of you becomesn sone
form addicted,you will sharein the delight that | more than occasiondy experiene. | bnd it more
than stimulating when OTTER, at my direction and restriction, completes a proof that is in various
ways better than the literature offers. If you improve on one of the results cited here, or certainly
better,on someresultthat hasbeenpublished,| am quite sureyou will experiene exhilaraton. If you
can bnd a copy, andif you have enjoyedsomeof what you havereadhere,you might enjoy a book |
wrote some years ago, The Automation of Reasoning:An ExperimenerOsNotebook with OTTER
Tutorial, L. Wos, AcademicPressNew York, 1996.



| promisedto include an input ble to showyou how you might begin. Hereit is.
Input File

set(hyperres).
assign(maxmem,680000).
% assign(maxseconds,10)
% set(sosqueue).
assign(maxweight,72)
assign(changdimit_after,1100).
assign(newmax weight,10).
assign(maxproofs,-1).
assign(pickgiven ratio,4).
assign(bsubhint wt,1).
clear(keep hint subsumers)
set(keephint_equivalens).
set(ancestosubsume).
set(back sub).
set(orderhistory).

% set(processnput).
clear(print kept).

list(usable).

-P(e(x.y))l -P(x) | P(y).

-P(e(e(a,b),e(b,a)))P(e(e(a,b),e(e(b)@(a,c)))) SANSWER(all s t indep).
end of list.

list(sos).
P(e(x.e(e(e(xy).e()).2))). % XCB
end of list.

list(demodulatrs).

% (P(e(e(e(e(e(®.e(e(e(x.y).e(®)).2)),u).v).e(u.v)).e(e(®.v6),e(v7,v6)),v7)),w)) junk).
% (e(e(x,x),y)= junk).

% (e(y,e(x,x))= junk).

(e(x,junk) = junk).

(e(junk,x) = junk).

(P(junk) = $T).

end of list.

list(passive)

% Following are axiomsfor EC and othertargets.
-P(e(e(a,b),e(e(b),e(a,c)))) SANSWER(P1YQL).
-P(e(e(a,b),e(e(a),e(c,b)))) SANSWER(P2 YQF).
-P(e(e(a,b),e(e(a),e(b,c)))) SANSWER(P3YQJ).
-P(e(e(e(a,b),c)(b,e(c,a)))) SANSWER(P4 UM).
-P(e(a,e(e(b,e(d)),e(c,b)))) SANSWER(P5 XGF).
-P(e(e(a,e(b,c))(e,e(a,h)))) SANSWER(P7WN).
-P(e(e(a,b),e(c(e(b,c),a)))) SANSWER(P8 YRM).
-P(e(e(a,b),e(c(e(c,b),a)))) SANSWER (P9 YRO).
-P(e(e(e(a,e(b)k.c),e(b,a))) SANSWER(PYO).
-P(e(e(e(a,e(b)k.b),e(c,a))) SANSWER(PYM).
-P(e(a,e(e(b,e(a)),e(c,b)))) SANSWER(XGK)



-P(e(a,e(e(b,c)(e(a,c),b)))) SANSWER(XHK).

-P(e(a,e(e(b,c)(e(c,a),b)))) SANSWER(XHN)

-P(e(a,a)) SANSWER(r&iex).

-P(e(e(a,b),e(b,a)) SANSWER(symm)

-P(e(e(a,b),e(e(b)e(a,c)))) SANSWER(trans).
-P(e(e(e(cl,e@c3)),e(e(c34),c4)),e(cl,c2))) BANSWER(Wajsbergd sing).
-P(e(e(e(e(c12),c3),c4),e(c4&l,e(c2,c3))))) BANSWER(Wajsbergs sing).
-P(e(e(cl,e(c23)),e(e(c2,e(4,c3)),e(c4,cl)))) BANSWER(Brymansing).
-P(e(e(cl,e(c23)),e(e(c2,e(8,c4)),e(c4,cl)))) SANSWER(Luka 1 sing).
-P(e(e(c4,e(cl(e2,c3))),e(e(t,c2),e(c3,c4)))) SANSWER(Luka 2 sing).
-P(e(e(cl,e(c23)),e(e(cl,e(8,c4)),e(c4,c2)))) SANSWER(Sobol sing).
-P(e(e(cl,e(c23)),e(e(cl,e(4,c3)),e(c4,c2)))) BANSWER(Sobo2 sing)
end of list.

list(hints).

% Following brst 7 of a new 23-stepproof of the 2-basis,from XCB, 07-05-07,a proof whose bfth

stepis different from the bfth of the much earlier 23; the new 23 found by using StickelOsSrd proof,

ratherthan his prst.

P(e(e(e(e(x.e(e(x,y).e(z,y)).2)),u)&,u)).v)).

P(e(e(e(e(x.e(e(x,y).e(z,¥)).2)),u),v).&1.V))).

Ple(e(e(e(e(e(x.e(e(fx.y).e(z.y)).2)),u).v),e(u.v)),w),e(v6,w)),v6)).

P(e(x.e(e(e(e(.e(e(e(y,2).€u.2)),u)).x).v),e(W,v)),w))).
Ple(x,e(e(e(Ce(y.e(e(e(y.re(u,2)).u)).e(e(vie(e(v.w),e(v6,w)),v6)),x)),v7),e(v8,v7)),v8))).
P(e(x,e(e(e(e(.e(e(e(y,z),bu,2)),u)).e(e(v,e(@(v,w),e(v6,w)),v6)),e(e(v7,e(efer,v8),e(v9,v8)),v9)),Xx))),v10),e(v1i1,vIQy11))).
P(e(e(e(e(x,ee(e(x,y),e(z,y)).D.e(e(u,e(e(@,v),e(w,v)),w)),e(e(v6,e(e(e(v6,v7§y8,v7)),v8)),e(e(e(e(®9,e(e(e(v9,v10),&(1,v10)),v11)) X
% Following 15 from crammingon preceding?7, in temp.xcb.new.outlf.
Ple(e(e(e(&x.e(e(e(x.y).e(®)).2)).e(u.e(e(@1,v),e(w,v)),w))),v6),e(v7,v6)),v7)).
P(e(e(e(e(e(x{e(e(x,y),e(z,y)).D,e(u,e(e(e(e(v,e(e(e(v,w),e(v6,w)),v6)),e(e’ ,e(e(e(v7,v8),e(v9,v8)),v9)),u)),v10jyd 1,v10)),v11))),v12,
P(e(e(x.e(e(y.e(e(y.z).e(u,2)),u)).x)) &.e(e(e(v,w),e(v6,w)),v6)))).
P(e(e(x,e(e(y.ee(e(e(e((e(e(z,u),br,u)),v)),e(e(w,e(e(e(w,v6),e(v7,v6)),v7)),y)),vdy8,v8)),v9)),x)),e(v10,e(e(e(vi0,viL&(vi2,vi1)) vT
P(e(e(e(e(e(x(e(y,e(e(e(y,re(u,z)),u)),x)),e(v,e(@(v,w),e(v6,w)),v6))),v7),e(v8,v7)),v8)).

Ple(e(e(x.e(y.ee(e(y.z).e(u.p,u))).v).e(x,v))).

P(e(e(e(x,y)x).y))-

Ple(e(e(x,e(fe(x.y).e(z,y)).2)).e(e(u,v),e(w,v)),w)),u)).

P(e(e(e(e(xy).e(¥)).2).x)).

Ple(e(e(e(e(e(x.y).e(z,y)).£X),u),e(V,u)).v)).

P(e(e(e(e(x.e(e(xy).e(z,y)).2)).ee(e(e(e(u,v).ev,v)),w),u),v6)),v7),e(v6,v7)))

Ple(e(x.y).e(e(y.re(x.2)))).

P(e(e(x.y).e(e(e(x),2).y))).

Ple(e(e(e(ex.y).x),z),u).e(e(y,z),u))).

P(e(e(x.y).e(y.x))).

end of list.

| also promisedto include a proof; | have chosenthe latest proof, and smallestin size, of the 2-
basis.

A Fine Proof

----- Otter 3.3g-work,Jan2005 -----

The processvas startedby wos on lemma.nts.anl.gov,
Mon Jul 23 10:12:002007

The commandwas"otter". The procesdD is 27347.



..... > EMPTY CLAUSE at  0.06 sec---> 423 [hyper,2,403,274BANSWER(all s t _indep)

Lengthof proofis 22. Level of proofis 17.

1] -P(e(x,y))l -P(x)| P(y).

2[] -P(e(e(a,b),e(b,a))) -P(e(e(a,b),e(e(b)@(a,c)))) SANSWER(all s t_indep).

3] Pe(x.e(e(e(x.y).e()).2))).

52 [hyper,1,3,3]P(e(e(e(e(x,e(@(x.y).e(z,y)).2)),u).&/,u)),v)).

54 [hyper,1,52,3]P(e(e(e(e(x.e(@(x.y).e(z.y)),2)),u).v) @.v))).

56 [hyper,1,3,541P(e(e(e(e(e(®(x,e(e(e(x,y).&,y)),2)),u),v),e(u,v)),w),e(vé,w)),v6)).

58 [hyper,1,54,31P(e(x,e(e(e(e(s.e(e(e(y,z),bu,2)),u)),x),v),e(w,v)),w))).

64 [hyper,1,54,58]
P(e(x.e(e(e(e(.e(e(e(y.2).eu.2)),u)).e(e(v.e(@(v,w),e(v6,w)),v6)).x)),v7),e(v8,v7)),v8))).

70 [hyper,1,58,31P(e(e(e(e(e(x(e(e(x,y),e(z,y)).D.e(u,e(e(e(u,v){8v,v)),w))),v6),e(v7,v6)),v7)).

77 [hyper,1,58,6%
Ple(e(e(e(ex.e(e(e(x.y).e(®)).2)).e(u.e(e(e(e(v.e(e(fr,w),e(v6,w)),v6)).e(e(v7,e(e(e(v7,v8jyd,v8)),v9)),u)),v10),e(v1¥10)),v11))),v12)
79 [hyper,1,54,64]
P(e(x,e(e(e(ee(y.e(e(e(y,ze(u,z)),u)),e(e(vie(e(v,w),e(v6,w)),v6)),e(e(v7,gVv7,v8),e(v9,v8)),v9)),x))),v10),e(v11,vi())1))).
102 [hyper,1,56,79]
P(e(e(e(e(x,ee(e(x,y),e(z,y)).D.e(e(u,e(e(d,v),e(w,v)),w)),e(e(ve,e(e(e(v6,v7§y8,v7)),v8)),e(e(e(e(®9,e(e(e(v9,v10),e(1,v10)),v1il1)),v
132 [hyper,1,102,77]

P(e(e(x,e(e(y,e(e(e(e(z(e(e(z,u),bv,u)),v)),e(e(w,e(e(e(w,v6),e(v7,v6)),v7)),y)),v8y8,v8)),v9)),x)),e(v10,e(e(e(vi0,v}i#(v1i2,v11)),v17

133 [hyper,1,102,70P(e(e(x,e(e(y,e(e(y,z),e(u,z)),u)),x)) &,.e(e(e(v,w),e(v6,w)),v6)))).

148 [hyper,1,3,133]
P(e(e(e(e(e(x{e(y,e(e(e(y.ke(u,2)),u)),x)),e(v.e(@(v,w),e(v6,w)),v6))),v7),e(v8,v7)),v8)).

154 [hyper,1,148,133P(e(e(e(x,y),X),y)).

155[hyper,1,148,132P(e(e(e(x,e(y,e(e(y,z),e(u,z)),u))),v) &,V))).

212 [hyper,1,155,52P(e(e(e(x,e(e(®,y).e(z,y)),2)),e(é(u,v),e(w,v)),w)),u)).

220 [hyper,1,54,212P(e(e(e(e(x,y).e(¥)),2),X)).

230 [hyper,1,3,220P(e(e(e(e(e(@(x,y),e(z,y)),2),X),u),&,u)),v)).

263 [hyper,1,230,58P(e(e(e(e(x,e(@(x,y),e(z,y)),2)).ée(e(e(e(u,v),@v,v)),w),u),v6)),v7),e(v6,v7)))

274 [hyper,1,263,220P(e(e(x,y),e(e(y,z)(®,2)))).

305 [hyper,1,274,154P(e(e(x,y),e(e(e(x),z),y))).

323 [hyper,1,274,305P(e(e(e(e(e(x,y),x))au),e(e(y,z),u))).

403 [hyper,1,323,220P(e(e(x,y),e(y,X))).

423 [hyper,2,403,274BANSWER(all s t indep).

Perhapssurprisingis the fact that, more than the actual bnding of treasure the hunt for many is
where the real excitenent resides. For me, neverthelss, the bnding was equally exciting as the hurt
was.

As for an applicaton of proof shortening,l conjecturethat certaintextbookscould be madesimpler
by reducingthe length of various proofs to the point that certain thought-to-bekey lemmaswould in
fact be avoided. Suchlemmaavoidancehasoccurredin my research.

As for ideasand challengs for the future, the following occurto me. You might take three stefs
in the middle of a proof, threethoughtto be crucial. Take the negationof their join and seeka short
proof of such,which will force the proofsof eachof the threeto sharesteps. If you are successfulthe
short subproofmight be usefulin leadingto a shorterproof of the original goal.



As for additional challengs, you might considerseekinga proof whoselength is strictly lessthan
that cited in the table. If you enjoy programming,you might attemptto automatethe type of expedi-
tion in focushere.

Until we meetagainin anothernotebook,| await any communicéion you wish to make. My e-
mail addresds wos@mcs.anl.gov | do planto produceadditionalnotebooksof this type.

Acknowledgments

| thank D. (Ted) Ulrich greatly for sharingwith me various studiesof equivalenial calculus. My
discussionswith him were most exciting and extremey informative His inffuenceon my researchwill
be found in other notebooks. | thank Mark Stickel for sharinghis most satisfying 24-stepproof for
XCB. His researclcertainl inffuencedmine substantially. | thank RossOverbeekand Michael Beeson
for their encouragemnt. Each helpedme to decideto place this materid, and similar works, on the
Web. | thank Gail Pieper for her tireless reading and most useful suggestions. | thank various
membersof the Mathematts and ComputerScienceDivision of Argonne National Laboratoryfor con-
tinued, unfailing support. This work was supportedn part by the Mathemat¢al, Information,and Com-
putational SciencesDivision subprogramof the Ofpbce of Advanced Scientbc Computing Research,
Ofpce of ScienceU.S. Dept. of Energy,underContractDE-AC02-06CH11357.



